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1. Introduction
In [LS], Landazuri and Seitz gave lower bounds for irreducible representations
of Chevalley groups in nondefining characteristic (when referring to irreducible
representations for quasi-simple groups G, we will assume that the modules
are nontrivial on F ∗(G)). See also [SZ,GPPS,HF] for some improvements on
these bounds. These results have proved to be useful in many applications. In
particular, they have been used to classify the maximal subgroups of classical
groups containing an element of prime order acting irreducibly on a subspace
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of large dimension (cf. [GPPS]), and to show that low-dimensional modules in
characteristic p for groups with no normal p-subgroup are semisimple (see [Gu]).
It is also important to identify the modules which have dimension close to the
smallest possible dimension and to prove that there are no irreducible modules
with dimension in a certain range above it. This was done in [GPPS,GT1] for
SLn(q). Further improvements were obtained by Brundan and Kleshchev [BrK].
Hiss and Malle [HM] have obtained results similar to [GT1] for unitary groups.
In this paper, we consider the groups G= Sp2n(q) with n 2 and q = pf odd
andG= SUn(q)with n 3. Throughout the paper, r is a prime not dividing q and
k is algebraically closed of characteristic r . Landazuri and Seitz [LS] had already
shown that the minimal dimension d of any irreducible module in the nondefining
characteristic r is (qn − 1)/2 for the symplectic case, and [(qn − 1)/(q + 1)] for
the unitary case. It was proved in [GPPS] that (aside from some small exceptions)
every irreducible kG-module in a nondefining characteristic has dimension d ,
d+1 or at least dimension 2d . In characteristic 0, Tiep and Zalesskii [TZ1] (using
Deligne–Lusztig theory) obtained much stronger results about the gap between
possible dimensions for all the classical groups. Similar results for complex
representations of exceptional groups were obtained by Lübeck [Lu]. Here we
show that a similar result is true in all characteristics other than the defining
characteristic. The gap we obtain is essentially the same as in characteristic 0.
The smallest modules are the Weil modules described below.
The families SLn(q), Sp2n(q) with q odd, and SUn(q) all have Weil modules
which are much smaller than the other irreducible modules. The differences
between the small modules and other modules for the other Chevalley groups
are not as dramatic. This makes it much more difficult and requires new methods
to analyze those other groups. In particular, the family of Sp2n(q) with q even has
recently been handled in [GT2].
The methods we use are different for the two families. If V is a kH -module,
we denote by τV the Brauer character associated to V . Although τV is a priori
only defined on elements whose order is coprime to r , we can extend τV to H
by declaring that τV (g)= τV (g′) where g = g′h= hg′ with g′ of order coprime
to r (clearly, such g′ is unique). For the symplectic case, our main method is
to analyze modules with various local properties and by restricting to various
families of subgroups which contain a conjugate of every element of the group we
can determine the Brauer character of the module. Thus, we obtain results which
characterize the Weil modules by several different properties (see Section 2 for
statements of the main results and more details). Observe that it is not known
whether the decomposition matrix in this case has unitriangular shape or not.
For the unitary group, we start from the deep results of Hiss and Malle [HM]
which depend on Deligne–Luzstig theory and knowledge of the decomposition
matrices. We can improve their bounds. Indeed, we obtain the correct bound for
the dimension of an irreducible cross characteristic module (other than the Weil
modules) for the unitary groups. We also obtain more detailed information for
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some of the low rank unitary groups which depend upon the results of Broué and
Michel [BM] on unions of r-blocks and the results of Fong–Srinivasan [FS] on
basic sets of Brauer characters (cf. also [GH]).
The Weil modules for the symplectic groups G = Sp2n(q) with q odd are
constructed in a very natural way. Let E be an extra-special group of order pq2n
of exponent p (i.e. [E,E] = Φ(E) = Z(E) has order p). For each nontrivial
linear character χ of Z(E), the group E has a unique irreducible module M
of dimension qn over any algebraically closed field of characteristic r = p that
affords the Z(E)-character qnχ . Now G acts faithfully on E and trivially on
Z(E), and one can extendM to the semidirect productEG. If we restrict M to G,
then M = [t,M]⊕CM(t) where t is the central involution in G. If r = 2, these are
irreducible modules; if r = 2, then [t,M] is irreducible and M/CM(t)
 [t,M].
It turns out that there are only two possible isomorphism types for M as kG-
modules. We call the irreducible kG-modules obtained in such a manner Weil
modules. Observe that the modules in characteristic r > 0 are just the reductions
of the corresponding characteristic 0 modules (since M itself is the reduction of
the irreducible EG-module which as noted is unique given the central character).
If r is odd, there are two irreducible modules of each dimension (qn ± 1)/2; if
r = 2 we get two irreducible modules of dimension (qn − 1)/2.
A similar but slightly more complicated construction [S] leads to the complex
Weil modules of the special unitary groups SUn(q) (here q may be even as well);
there is one such a module of dimension (qn + q(−1)n)/(q + 1) and q such of
dimension (qn− (−1)n)/(q+ 1). All of them extend to Un(q) if n 3, see [TZ2,
Lemma 4.7]. Furthermore, any nontrivial irreducible constituent of the reduction
modulo any cross characteristic r of a complex Weil module of SUn(q) or Un(q)
lifts to characteristic 0, cf. for instance [HM]. Abusing language, we will refer to
any such irreducible constituent a Weil module in characteristic r .
There is an extensive literature on the Weil modules. We summarize some of
the known results in Section 5 and give some references in the bibliography.
We will then apply our results to the classification of quadratic modules and to
answer some questions about minimal polynomials of elements of prime order
in cross characteristic representations of Chevalley groups. We also indicate
how one can use our results to find the modulo 2 structure of the rank 3
permutation module M of Sp2n(q) on 1-spaces of the natural module F2nq , cf.
Example 10.2;M (mod r) for r = 2 was considered by Liebeck [Li], and Zalesskii
and Suprunenko [ZS].
The paper is organized as follows. Sections 2 and 3 contain the formulation of
our main theorems. Section 4 collects some general results that we will need in the
sequel. Section 5 describes Weil modules of finite symplectic groups and some of
their properties. In Sections 6 and 7 we study the modules with certain properties
(R1) (cf. Theorem 2.2) and property (R2) (cf. Theorem 2.3). In Sections 8 and
9 we prove Theorem 2.2 for n  3 and r = 2, respectively r = 2. In Section 10
we finish the proof of Theorem 2.2, and give proofs of Theorems 2.1 and 2.3.
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In Sections 11 and 12 we study cross characteristic representations of finite
unitary groups of low dimension, and prove Theorems 2.5–2.7. Theorems 3.1
and 3.2 about the minimal polynomial problem are proved in Section 13. Finally,
Theorem 3.3 is proved in Section 14.
2. Low-dimensional representations of finite symplectic and unitary groups
In this section we state our results about low-dimensional cross characteristic
representations of finite symplectic and unitary groups. Recall that we assume
throughout the paper that r is a prime not dividing q and k is algebraically closed
of characteristic r .
Theorem 2.1. Let G = Sp2n(q) with n  2 and q = pf odd. Let V be an
irreducible kG-module of dimension less than (qn − 1)(qn − q)/2(q + 1). Then
V is either the trivial module, or a Weil module of dimension (qn ± 1)/2.
Observe that G has a unique irreducible complex character ρ of degree
(qn − 1)(qn − q)/2(q + 1), and ρ is irreducible modulo r , cf. Lemma 7.4, so
the bound given in this theorem is the best possible.
Theorem 2.2. Let G = Sp2n(q) with n  2 and q = pf odd. Let V be an
irreducible kG-module with property
(R1) a long root subgroup has at most (q − 1)/2 nontrivial linear characters
on V .
Then V is either trivial or a Weil module.
If V is a Weil module and Z is a long root subgroup, then the set of nontrivial
linear characters of Z occurring on V is one of the two sets Ωi , i = 1,2, defined
in Section 5, both of cardinality (q − 1)/2. Accordingly V is said to have type i .
Theorem 2.3. Let G = Sp2n(q) with n  3 and q = pf odd. Let V be an
irreducible kG-module satisfying at least one of the following conditions.
(R2) If Y = Y1 × Y2 is a commuting pair of (distinct) long root subgroups, then
all nontrivial linear characters of Y on V are of the form α ⊗ β , where
either α,β ∈Ω1 or α,β ∈Ω2.
(W) For some j with 2 j  n− 1, the restriction of V to a standard subgroup
Sp2j (q) involves only irreducible Weil modules and maybe the trivial
modules.
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(Q) Any Pn-orbit of nontrivial linear Qn-characters on V is of length less than
(qn − 1)(qn − q)/2(q + 1).
Then V is either trivial or a Weil module.
By a standard subgroup Sp2j (q) in Sp2n(q) we mean the pointwise stabilizer
of a nondegenerate (2n− 2j)-dimensional subspace of the natural module. Also,
Pj is the stabilizer of a j -dimensional totally isotropic subspace in the natural
module, and Qj =Op(Pj ).
Theorem 2.2 immediately yields the following consequence.
Corollary 2.4. Let G = Sp2n(q) with n  2 and q = pf odd. Let V be an
irreducible kG-module such that the restriction of V to a standard subgroup
SL2(q) involves only Weil modules of a given type and maybe the trivial module.
Then V is either trivial or a Weil module.
The example G = Sp2n(3) with r = 2 shows that one cannot remove the
words “of a given type” from Corollary 2.4: all irreducible modules of SL2(3)
in characteristic 2 are either Weil module or the trivial module.
Throughout the paper, Un(q) stands for the general unitary group GUn(Fq2).
By a standard subgroup SUj (q) in SUn(q) or Un(q) we mean the pointwise
stabilizer in SUn(q) of a nondegenerate (n − j)-dimensional subspace of the
natural module. Furthermore, Pj is the stabilizer in SUn(q) of a j -dimensional
totally isotropic subspace in the natural module, and Qj = Op(Pj ). As an
analogue of Theorem 2.3, we have the following results.
Theorem 2.5. Let G= SUn(q) or Un(q), and let n 4. Let V be an irreducible
kG-module with the following property:
(W) For some j , 3  j  n − 1, the restriction of V to a standard subgroup
SUj (q) involves only irreducible Weil modules and maybe the trivial
modules.
Then V is either of dimension 1 or a Weil module.
Theorem 2.6. Let S = SUn(q), n  5, and m = [n/2]. Suppose that V is an
irreducible kS-module such that any Pm-orbit of nontrivial linear characters of
Z(Qm) on V is of length less than (qn − 1)(qn−1 − q)/(q2 − 1)(q + 1) if n is
even, and (qn−1 − 1)(qn−2 − q)/(q2 − 1)(q + 1) if n is odd. Then V is either
trivial or a Weil module.
296 R.M. Guralnick et al. / Journal of Algebra 257 (2002) 291–347
Theorem 2.6 is also true for n = 4 and S = U4(q). If S = SU4(q), then we
need to replace the bound q(q − 1)(q2 + 1) by q(q − 1)(q2 + 1)/gcd(2, q − 1),
cf. Proposition 11.7.
Hiss and Malle [HM] have shown that any irreducible SUn(q)-module V in
cross characteristic r is either trivial or a Weil module, if
dim(V ) < qn−2(q − 1)
[
qn−2 − 1
q + 1
]
,
n  6 and (n, q) = (6,3). We will improve this “gap” result by establishing the
following theorem, in which we define
κn(q, r)=
1, if char(k)= r divides q
2[n/2] − 1
q2 − 1 ,
0, otherwise.
Theorem 2.7. Let G= SUn(q) and n 5. Suppose that char(k)= r and V is an
irreducible kG-module of dimension less than
d(n, q, r) :=

(qn − 1)(qn−1 − q)
(q2 − 1)(q + 1) , if 2 | n and q = 2,
(qn − 1)(qn−1 + 1)
(q2 − 1)(q + 1) − 1− κn(q, r), if 2 | n and q > 2,
(qn + 1)(qn−1 − q2)
(q2 − 1)(q + 1) − κn(q, r), if n 7 is odd,
(qn + 1)(qn−1 − q2)
(q2 − 1)(q + 1) − 1, if n= 5.
Then V is either trivial or a Weil module.
If n 6 is even and q = 2, then SUn(q) has an irreducible complex character ϑ
of degree equal to d(n, q, r), cf. [TZ1, Corollary 4.2]. By Theorem 2.6, ϑ (mod r)
is irreducible in any characteristic r . In general, if n  5 then SUn(q) has an
irreducible complex character of degree
(qn − 1)(qn−1 + 1)
(q2 − 1)(q + 1) , if n 6 is even and q > 2,
(qn + 1)(qn−1 − q2)
(q2 − 1)(q + 1) , if n 5 is odd
(which is at most d(n, q, r) + 2), cf. [TZ1, Corollary 4.2]. If q is odd, then
the reduction modulo r = 2 of the complex unipotent character χ(n−2,2) of
SUn(q) labeled by the partition (n− 2,2) has an irreducible constituent of degree
d(n, q, r) if n  5, cf. [HM]. More generally, if n  5 and r | (q + 1), then
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χ(n−2,2) (mod r) contains an irreducible constituent of degree d(n, q, r), cf. [ST].
Hence the bound d(n, q, r) given in Theorem 2.7 is the correct bound.
If G = SU4(q) and q > 2, then we need to replace the bound d(4, q, r) in
Theorem 2.7 by (see [HM])
(q2 + 1)(q2 − q + 1)
gcd(2, q − 1) − 1.
3. Minimal polynomials and quadratic modules
In this section we state our results concerning the minimal polynomial problem
and the quadratic module problem.
If Θ is a kG-representation and g ∈ G then dΘ(g) stands for the degree of
the minimal polynomial of Θ(g); similarly for dV (g) where V is a kG-module.
For g ∈G, o(g) is the order of g modulo Z(G). In generic position one expects
that dV (g) = o(g); so the minimal polynomial problem is to classify all triples
(G,V,g), where G is a finite group, V an irreducible G-module, and g ∈G an
element such that 1 < dV (g) < o(g). This is a problem with long history, different
instances, and numerous results; for a brief account of it see [Z2].
Important results on the minimal polynomial problem in the case where G
is a finite Lie-type group of simply connected type in characteristic p, g is a
unipotent element of order p, and V is an irreducible G-module in characteristic
r = p, have been proved by Zalesskii [Z1,Z2]. In particular, he has determined
all possible pairs (G,g), see Theorem 13.1. It remains to classify the modules V
for each of these pairs (G,g). This task has been done in [TZ2] in the case r = 0.
Here we complete the classification of possible modules V in any characteristic
r = p.
Theorem 3.1. Let G be a finite quasi-simple group of Lie type of characteristic
p > 0 of simply connected type, and suppose g ∈ G is of order p. Let Θ be a
nontrivial absolutely irreducible representation of G in characteristic r = p such
that dΘ(g) < p. Then p > 2 and one of the following holds:
(i) G = SU3(p), g is a transvection, and Θ is the reduction modulo r of the
(unique) complex representation of degree p(p − 1).
(ii) G = SL2(p), and Θ is either a Weil representation or a representation of
degree p− 1.
(iii) G= SL2(p2), and Θ is a Weil representation.
(iv) G= Sp4(p), and Θ is either a Weil representation, or the unique represen-
tation of degree p(p − 1)2/2.
(v) G= Sp2n(p), n 3, g is a transvection, and Θ is a Weil representation.
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Moreover, in each of these cases there exists a representation Θ and an element
g satisfying the above conditions.
Another interesting instance of the minimal polynomial problem is to study
the case where G is a finite classical group in characteristic p, g is a semisimple
element, and V is an irreducible G-module in characteristic r = p. In this case,
all possible pairs (G,g) have been identified by DiMartino and Zalesskii in [DZ],
see Theorem 13.2 (see also [FLZ,Z3] for results on somewhat different but related
configurations of the problem). The possible modules V for each of these pairs
(G,g) in the case r = 0 have been classified in [TZ2]. Here we complete the
classification of possible modules V in any characteristic r = p.
Theorem 3.2. Let G = Sp2n(q) with n > 1 and (n, q) = (2,3), or G = Un(q)
with n > 2. Let s be a prime not dividing q and let g ∈G be a noncentral element
such that g belongs to a proper parabolic subgroup of G and o(g) is a power of s.
Let V be a nontrivial absolutely irreducible G-module in characteristic coprime
to q such that dV (g) < o(g). Then V is a Weil module.
In the case (n, q) = (2,3) there exists one more possibility for V , cf.
Remark 13.3.
Theorem 3.2 and the following theorem complete the problem of classifying
quadratic modules in characteristic s for finite groupsG with F ∗(G) being quasi-
simple but not of Lie type in the same characteristic s. See Section 14 for a
detailed discussion of the quadratic module problem and a classification which
follows from [Ch] and Theorems 3.2, 3.3.
Theorem 3.3. Each of the groups 2Sp6(2), 2Ω+8 (2), 2J2, 2G2(4), 2Sz, and 2Co1,
has a unique irreducible quadratic F3-module V . In the first two cases V can be
obtained by reducing the root lattice of type E8 modulo 3, and in the last four
cases V can be obtained by reducing the Leech lattice modulo 3.
4. Preliminary results and notation
Let k be a field (usually assumed to be algebraically closed for simplicity) of
characteristic r  0. Let G be a finite group and V be a finite-dimensional kG-
module. If H is a subgroup of G, we denote by [H,V ] the subspace generated
by all elements of the form (h− 1)v with h ∈ H and v ∈ V , and by CV (H) the
subspace of V consisting of all vectors fixed by H .
Let soc(V ) denote the socle of V and consider the socle series of V . Thus
soc0(V )= 0 and soci (V ) is defined by soci (V )/ soci−1(V )= soc(V / soci−1(V )).
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Suppose that S is a composition factor of V . Let j (S) denote the smallest i so
that S is a composition factor of soci (V ). We say S is a level j (S) composition
factor of V .
Lemma 4.1. Let S be a composition factor of a kG-module V of level j = j (S).
Let e denote the multiplicity of S in socj (V ). There exists a unique submodule
Γ = ΓV (S) of V with the following properties:
(i) Γ/ rad(Γ ) is a direct sum of e copies of S;
(ii) Γ ⊆ socj (V ).
Proof. We induct on the dimension of V . If V is semisimple the result is clear.
Next, ΓV (S)= ΓW(S) with W = socj (V ) and so we may assume V = socj (V ).
Similarly, we may assume that V/ rad(V ) involves only the composition factor S
(since Γ (S) is contained in the preimage of the S-homogeneous component of
the map V → V/ rad(V )).
Suppose that V =A⊕B and 0 = B does not involve S. Then ΓA(S) exists by
induction, and any such module Γ is contained in A (because if φ ∈Hom(Γ,B),
then ker(φ) + rad(Γ ) = Γ ). So we may assume that every indecomposable
summand of V involves S and modulo its radical involves only S.
At this point, V satisfies the conditions for Γ . We claim that no proper
submodule does. If a proper submodule U did satisfy the conditions, then
U + rad(V )= V , whence U = V . ✷
We state the next result in more generality than we need. We will be applying
this in the situation where L is a Levi subgroup (or normal in a Levi subgroup)
and U is the unipotent radical of the corresponding parabolic subgroup, with g an
element conjugating P to the opposite parabolic.
Lemma 4.2. Let k be an algebraically closed field of characteristic r  0. Let V
be a kG-module with CV (G)= 0. Assume that P = LU is a subgroup of G with
U a normal r ′-subgroup of P , g ∈NG(L) with G= 〈U,Ug〉. Then the following
statements hold:
(i) V = [U,V ] ⊕CV (U).
(ii) If V is irreducible and [U,V ] is a semisimple L-module, then V is a semi-
simple L-module.
(iii) If S is an L-composition factor of CV (U), then either S or Sg−1 is an
L-composition factor of [U,V ].
(iv) If S is an L-composition factor of CV (U) of level i , then either S is a com-
position factor of [U,V ] of level less than i or Sg−1 is an L-composition
factor of [U,V ] of level at most i . In particular, if g centralizes L, then S is
an L-composition factor of [U,V ] of level at most i .
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Proof. (i) is clear since U is an r ′-group.
(ii) since [U,V ] is a semisimple L-module, so is g([U,V ]) = [Ug,V ].
Thus, socL(V ) is U - and Ug-invariant (as any subspace containing [U,V ] is
U -invariant). Since G = 〈U,Ug〉, socL(V ) is G-invariant and so is equal to V
by irreducibility.
(iii) follows from (iv).
Finally, we prove (iv). Suppose the claim is false. If Sg−1 is not an L-compo-
sition factor of [U,V ] of level at most i , then S is not an L-composition factor of
[Ug,V ] of level at most i; it then follows that ΓV (S) is a submodule of CV (Ug).
On the other hand, if S is not a composition factor of [U,V ] of level less than i ,
then ΓV (S) ∩CV (U) = 0. Thus,
0 = ΓV (S)∩CV (U)⊆ CV (Ug)∩CV (U)= CV (G)= 0,
a contradiction. ✷
Lemma 4.3. Let R be a ring and V a finite length R-module. Let X be a family
of isomorphism classes of simple R-modules.
(i) There exists a unique submodule V (X ) of V which is maximal with respect
to all composition factors of V (X ) belonging to X .
(ii) V (X ) is the minimal submodule of V such that V (X ) has all composition
factors in X and soc(V /V (X )) has no composition factors in X .
(iii) If V = V1 ⊕ V2, then V (X )= V1(X )⊕ V2(X ).
Proof. Note that if M1 and M2 are submodules involving only composition
factors in X , then so does M1 + M2 (since it is a homomorphic image of
M1⊕M2). This shows (i). Clearly, (ii) holds and (iii) follows from (i) and (ii). ✷
Throughout the paper until Section 9, we fix G = Sp2n(q) with n  1 and
q = pf for p an odd prime. We assume that r = p and k is an algebraically
closed field of characteristic r . If n 2, then all irreducible kG-modules are well
known (see [Bu,Wh1,Wh2,Wh3]).
Let B be a Borel subgroup ofG. We consider the maximal parabolic subgroups
containing B . Let Pj denote the stabilizer of a totally isotropic j -subspace in
the natural representation of G. Let Qj = Op(Pj ) and let Zj = Z(Qj ). Let P ′j
denote the subgroup of Pj generated by the root subgroups of Pj (which is usually
the commutator subgroup of Pj ).
In particular, let Z = Z1 = Z(P ′1), so that Z is a long root subgroup, say{xα(t) | t ∈ F∗q}, of G, and P1 = NG(Z). Throughout the paper, every long root
subgroup will be considered as {xβ(t) | t ∈ F∗q}; in particular, xβ(t) is conjugate
to xα(t). Let Lj denote a Levi subgroup of Pj , so Lj =GLj (q)× Sp2(n−j)(q).
Let L′j denote the subgroup of Lj generated by the root subgroups in Lj (and
so L′j = SLj (q)× Sp2(n−j)(q)). We can identify Zj with the GLj(q)-module of
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symmetric j × j matrices over Fq . Note that Sp2(n−j)(q) acts trivially on Zj and
that Qj/Zj is just the tensor product of the natural modules for the components
of Lj . For 1  d  n − 1, let Hd 
 Sp2d(q) × Sp2n−2d(q) be the stabilizer of
a nondegenerate 2d-dimensional subspace of the natural module of G.
The next result gives a family of subgroups which contain a conjugate of every
element in G. Note that SL2(qn) naturally embeds in Sp2n(q) by viewing the
natural 2-dimensional module over Fqn as a 2n-dimensional vector space over Fq .
Lemma 4.4. If g ∈ G, then a conjugate of g is contained in at least one of the
following subgroups: P1, Pn, P ′j , Hd , and SL2(qn).
Proof. Write g = su, where s is semisimple and u is unipotent and [s, u] = 1.
Let V be the natural module for G. Suppose W is an irreducible s-submodule of
V of dimension e. If W is not self-dual, then the homogeneous componentH(W)
of V corresponding to W is totally singular as is H(W∗). If dim(H(W)) = n,
then g is conjugate to an element of Pn. Otherwise, g stabilizes the nonsingular
subspace H(W) ⊕ H(W∗), whence g is conjugate to an element of Hd for
d = 2 dim(H(W)).
So assume every irreducible component of s is self-dual. Then H(W) is
nonsingular (since H(W) is orthogonal to all other homogeneous components—
pass to the algebraic closure to see this). If H(W) = V , then g is conjugate to an
element of some Hd .
Now assume that V =H(W). If V =W , then g = s and g is contained in the
centralizer of a cyclic Sylow l-subgroup where l is a primitive prime divisor of
q2n − 1 (if n= 1 or (n, q)= (3,2), this l does not exist, but the result follows by
inspection)—this centralizer has order qn+1 which is the same as the order of the
centralizer in SL2(qn). Thus, by Sylow’s Theorem, g is conjugate to an element
of SL2(qn).
Suppose that W is a proper subspace of V . If W is nonsingular, then s is
conjugate to an element of He. If W is totally singular and n-dimensional, then s
is conjugate to an element of Pn. If e < n and W is totally singular, then s leaves
invariant a subspace of the form W ⊕W ′ where W ′ is a complement to W⊥ and
so s is conjugate to an element of H2e. So we have proved the result for the case
g = s.
Thus, we may assume that u = 1. Note that CV (u) ∩ [u,V ] is a nontrivial
totally singular g-invariant subspace. So we may assume that it containsW which
is therefore g-invariant. Thus, we may assume g ∈ Pe. Let α = det(s|W). As W is
self-dual, α =±1. If α = 1, then det(g|W)= 1 and so a conjugate of g lies in P ′e.
We claim that α = −1 implies that g stabilizes a maximal totally singular
subspace and so g is conjugate to an element of Pn. We induct on n. If n= 1, the
result is clear. Since det(s)= 1= α2n/e, we see that e divides n. Pass to W⊥/W .
The inductive hypothesis still holds, whence g leaves invariant a totally singular
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subspace U/W in W⊥/W . Then, g stabilizes the maximal totally singular
subspace U as desired. ✷
We will also need the following well-known fact about pairs of long root
subgroups in G. It follows from the fact that P1 =NG(Z1) and that G is a rank 3
permutation group on the cosets of P1 (when n 2).
Lemma 4.5. If n  2 then Sp2n(q) has 2 orbits on pairs of distinct long
root subgroups. Either the long root subgroups commute or they generate an
SL2(q) (which acts trivially on a nondegenerate subspace of codimension 2). In
particular, any two commuting pairs of distinct long root subgroups are conjugate.
Next we make the following observation about the Jordan canonical form
Jord(Js ⊗ Jt ) of Js ⊗ Jt , where Jj is the Jordan block of size j with eigenvalue 1
over a field k of characteristic r .
Lemma 4.6. (i) Suppose that 1 s, t  r − 1 and s + t > r . Then Jord(Js ⊗ Jt )
contains a block of size r .
(ii) Suppose that r = 2, let s  2n − 1 and t  2. Then Jord(Js ⊗ Jt ) contains
a block of size  2n.
Proof. (i) follows from [F, Theorem 8.2.7].
(ii) It suffices to prove that the minimal polynomial of Js ⊗ J2 has degree
 2n for s = 2n − 1. Let an operator g act on a k-space 〈e1, . . . , es〉, respectively
〈f1, f2〉, via the matrix Js , respectively J2. Then direct computation shows that
(g− 1)2n−1(es ⊗ f2)= e1 ⊗ f1, and so we are done. ✷
The following two lemmas are obvious in characteristic 0.
Lemma 4.7. Let V and W be kG-modules with Brauer characters
∑s
i=1miϕi
and
∑s
i=1 niϕi , where ϕi are absolutely irreducible and pairwise different and
mi,ni ∈ Z. Then dim HomkG(V,W)∑si=1 mini .
Proof. Induction on dim(W). The statement is obvious if W is irreducible (in-
deed, HomkG(V,W) = HomkG(V/ rad(V ),W) and so we are in the semisimple
case). For the induction step, assume that W has a simple submodule U . From
the exact sequence 0 → HomkG(V,U)→ HomkG(V,W)→ HomkG(V,W/U)
it follows that dim HomkG(V,W) dim HomkG(V,U)+dim HomkG(V,W/U),
and we may apply the induction hypothesis. ✷
In the notation of Lemma 4.7, we use [V,V ]G to denote∑si=1m2i .
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Lemma 4.8. Let H  G, let V be an irreducible kG-module and U any kH -
module. Then
dim HomkH (U,V |H) · dim HomkH (V |H ,U) dim HomkG
(
UG,UG
)
.
Proof. Since V is irreducible, we have
dim HomkG
(
UG,UG
)
 dim HomkG
(
UG,V
) · dim HomkG(V,UG)
= dim HomkH (U,V |H) · dim HomkH (V |H ,U). ✷
Corollary 4.9. Let H be a subgroup of G and let U , V be kH -modules. For
a ∈ G, let Ha = H ∩ aHa−1, Ua = U |Ha , Va = V |Ha , V a the kHa-module
obtained from V with the action x ◦ v = (a−1xa)(v), and V ′a = V a |Ha . Assume
that either a ∈NG(Ha) or a2 ∈NG(H). Then
dim HomkHa
(
V ′a,Ua
)

√[Ua,Ua]Ha · [Va,Va]Ha .
Proof. Observe that if x ∈ Ha then a−1xa ∈ Ha . (It is so if x ∈ NG(Ha). If
a2 ∈ NG(H), then x ∈ H ∩ aHa−1 implies a−1xa ∈ a−1Ha ∩ H = aHa−1 ∩
H = Ha since a−2Ha2 = H .) Thus the map x → a−1xa is an automorphism
of Ha . From this it follows that [Va,Va]Ha = [V ′a,V ′a]Ha . On the other hand,
Lemma 4.7 and the Schwartz inequality imply that dim HomkHa (V ′a,Ua) √[Ua,Ua]Ha · [V ′a,V ′a]Ha , so we are done. ✷
Lemma 4.10. Let G be a finite group with a subgroup H . Let α and β be two
Brauer characters of H in characteristic other than p, and let g be a p-element
of G. Suppose that either
(i) α = β on Op′(H), or
(ii) α(h)= β(h) whenever h ∈H and |h| = |g|.
Then αG(g)= βG(g).
Proof. Clearly, (i) implies (ii). So we assume (ii) holds. In this case
αG(g)− βG(g)= 1|H |
∑
x∈G
h=xgx−1∈H
(
α(h)− β(h))= 0
because of (ii). ✷
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5. Weil modules
In this section we provide background material concerning Weil modules.
Most of this is well known and is contained in some of the papers listed in the
references. Much can be proved inductively, using the techniques in the next
section.
Let E be a group with the following properties:
(a) |E| = q1+2n, n 1;
(b) Z(E)= [E,E] has order q ; and
(c) E has exponent p.
Then G = Sp2n(q) acts on E as a group of automorphisms. Indeed, let
G0 = CSp2n(q), the group which preserves up to scalar multiples the alternating
form preserved by G. So G0/G is cyclic of order q − 1 and GC has index 2 in
G0, where C is the group of scalars. Then G0 acts as a group of automorphisms
on E and G is the normal subgroup which centralizes Z(E).
Let H be the semidirect product EG and H0 =EG0.
Fix a nontrivial irreducible character χ of Z(E). Then E has a unique
irreducible representation over k of dimension qn where Z(E) acts via χ . Since
this character is invariant under H , it is not difficult to see that we obtain an
irreducible kH -module M(χ) which restricts to the irreducible kE-module as
given. This extension M(χ) is unique if (n, q) = (1,3), cf. [Ge]. Moreover,
since EG0 permutes the M(χ) and has precisely 2 orbits of size (q − 1)/2, we
see that as kG-modules either all M(χ) are isomorphic or are of two different
isomorphism types (we will see that in fact the latter holds). Note that EG0
interchanges these two orbits. Thus, the two possible isomorphism classes are
interchanged by the outer diagonal automorphism of G.
Note that this module M(χ) exists and is irreducible for all characteristics
r = p as a kH -module.
We will need the following property of the modules M(χ).
Lemma 5.1. Let k be an algebraically closed field of characteristic r  0. Let
G= Sp2n(q), n 1, with q odd and not a multiple of r , and H = EG. Let P ′1 be
the subgroup of G which is the derived subgroup of the stabilizer of an 1-space.
Let χ , χ ′ be any two nontrivial irreducible characters of Z(E), and let M(χ)
denote the kH -module described above.
(i) M(χ) ⊗ M(χ)∗ is a rank one free E/Z(E)-module and is isomorphic to
k⊕ kG
P ′1
as kG-modules; and
(ii) Ext1H(M(χ),M(χ ′))= 0.
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Proof. Observe (ii) is clear in the case χ = χ ′, since any such extension splits
uniquely as a module over E. So assume χ = χ ′ and write M =M(χ).
Note that W =M ⊗M∗ ∼= Hom(M,M) is a free rank one E/Z(E)-module.
This is because τM(x) = 0 for all x ∈ E \ Z(E) and so τW (x) = 0 for all
such x . Since Z(E) is trivial on W , this implies that W is a free module. Since
dim(W)= q2n = |E/Z(E)|, it must be of rank one.
Therefore G permutes transitively the nontrivial characters of E/Z(E).
So W = CW(E) ⊕ [E,W ] with [E,W ] irreducible for H . Since CW(E) =
HomE(M,M) = HomEG(M,M), it follows that CW(E) 
 k as EG-modules.
Now [E,W ] is a direct sum of 1-dimensional eigenspaces for E that are permuted
transitively by G. Since P ′1 is the stabilizer of a nontrivial character of E/Z(E),
it follows that [E,W ] 
 λG
P ′1
as G-modules for some character λ.
If n 2, thenP ′1 is perfect (unless (n, q)= (2,3)), and so λ is trivial as desired.
If n= 1, since P ′1 has (q − 1)/2 nontrivial eigenvalues with multiplicity 2 and
1 trivial eigenvalue on M(χ), it follows that CW(P ′1) has dimension 2q − 1. On
the other hand, if λ is nontrivial a straightforward computation (using Frobenius
reciprocity and Mackey’s Theorem) shows that HomP ′1(k, λ
G
P ′1) is the number of
double cosets P ′1\G/P ′1 not contained in the normalizer of P ′1. The number of
such double cosets is q−1. If (n, q)= (2,3), one argues similarly. This completes
the proof of (i).
Clearly, H 1(H, [E,W ]) = 0, since E is a normal r ′-subgroup and it has
no fixed points on [E,W ]. So H 1(H,W) = H 1(H, k) = HomH (H,k) = 0. It
follows that Ext1H (M(χ),M(χ))=H 1(H,W)= 0. ✷
We now define the Weil modules. Denote M =M(χ).
First consider the case r = 2. Then M = CM(t) ⊕ [t,M] where t is the
central involution in G= Sp2n(q). It is well known that these G-submodules are
irreducible of dimensions (qn ± 1)/2. (This also follows from our proof: we will
see by induction on n that G has no trivial constituents on M—now apply the
[LS] bound.) We will call these the Weil modules.
As we remarked above, there are either one or two Weil modules for each
dimension. In fact, it also follows by induction that there are precisely two Weil
modules for each dimension and that the (Brauer) characters can be distinguished
by their values on long root elements. So for r = 2, there are two Weil modules
for each dimension.
The Weil modules are self-dual if and only if q ≡ 1 (mod 4) (if z is a long root
element in G (a transvection), then z and z−1 are conjugate in G precisely when
q ≡ 1 (mod 4)). If r is odd, it is then straightforward to see that the module of
dimension (qn+ 1)/2 is orthogonal (as a Pn-module, this Weil module is a direct
sum of 2 irreducible modules, one of dimension 1). It is not too difficult (using
induction to reduce to the case of SL2(q)) to see that the module is symplectic if
it has dimension (qn − 1)/2.
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If r = 2, then [t,M]  CM(t) and is of dimension (qn − 1)/2. We call this
a Weil module. Again, there are two choices interchanged by the outer diagonal
automorphism (we make the same choice as above for q = 3, n = 1). Note that
M/CM(t) is isomorphic to [t,M] (the isomorphism is given by m → (t − 1)m).
Thus M has 2 isomorphic composition factors which are Weil modules and a
trivial composition factor (this is also true for (q,n)= (3,1) given our definition
of Weil modules).
It is easy to see from what we have said above that the field of definition for the
Weil modules in positive characteristic r is Fr or Fr2 . The former holds precisely
when z is conjugate to zr . If the module is not self-dual, then this shows that either
it is defined over Fr or is contained in the unitary group.
We need a few more facts about the modules M(χ). Keep notation as in
Lemma 5.1. If r = 2, then the G-module M(χ) is a direct sum of 2 different Weil
modules. If r = 2, there are 3 composition factors. We need a bit more information
on the structure in this case.
Lemma 5.2. If r = 2, then M(χ) is a uniserial G-module with socle series
W,1,W with W a Weil module.
Proof. It suffices to show thatM :=M(χ) has no trivialG-submodule in its socle
(and by passing to the dual, no trivial quotient). For if we have shown this, then
the socle must be simple and, similarly, modulo the radical the module is simple
(and both simple modules are isomorphic to the same Weil module, W ). Thus, the
socle series is as claimed.
It suffices to prove this for SL2(qn), because Sp2n(q) contains SL2(qn) and if
the subgroup has no fixed points, of course the full group does not either.
Suppose that it did and consider V :=M(χ) ⊗M(χ)∗. As we noted above,
M contains W . Hence V contains W∗ in its G-socle. On the other hand, by
Lemma 5.1, V = k⊕ kG
P ′1
. Thus, HomG(W∗,V )
HomP ′1(W∗, k⊕ k). However,
P ′1 has no fixed points on a Weil module (note that dim(W∗)= (qn − 1)/2 since
r = 2) and so this term is 0, a contradiction. Thus, CM(G)= 0 as claimed. ✷
Corollary 5.3. Suppose that r = 2, G = Sp4(q), and q + 1 = 2a . Let h ∈ L′1 

SL2(q) be an element of order q + 1. Let V be a Weil module of G of dimension
(q2− 1)/2, and consider any P ′1-submodule of type M(χ) (of dimension q) in V .
Then h has exactly one Jordan block (of size q) on M(χ).
Proof. Since all M(χ) are conjugate, it suffices to prove the claim for any
particular χ . Assume the contrary: h has t  2 Jordan blocks on M :=M(χ),
of size k1  · · · kt  1.
Let z = h(q+1)/2. Then z is the central involution of L′1. We claim that
dim(CM(z))  (q + 1)/2. Indeed, CM(z) is an L′1-submodule of M(χ). So,
if dim(CM(z)) > (q + 1)/2, then by Lemma 5.2, dim(CM(z)) = q , i.e. z acts
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trivially on each M(χ). Since CV (Q1) is an irreducible Weil module in
characteristic 2 of L′1, z also acts trivially on CV (Q1). Thus z acts trivially on V .
This is a contradiction, since G acts nontrivially on V and G is generated by all
conjugates of z.
Now if all ki are at most (q + 1)/2, then by [SS, Lemma 1.3] all Jordan blocks
of z on M(χ) are of size 1, and so z acts trivially on M(χ), a contradiction. Hence
we may assume that k1 = (q + 1)/2+ b with 1 b (q − 3)/2. By [SS, Lemma
1.3], z has b Jordan blocks of size 2 and ((q + 1)/2 − b)+ (q − k1) = q − 2b
blocks of size 1 on M(χ). Thus dim(CM(z))= b+ (q−2b)= q−b  (q+3)/2,
again a contradiction. ✷
Let ε = exp(2π i/p). If Y = {xγ (t) | t ∈ F∗q} is a long root subgroup of
G= Sp2n(q), we will denote by Ω1 the set of linear characters of Y of the form
λa :xγ (t) → εtrFq /Fp (at),
where a ∈ F∗q and a is a square. Similarly, Ω2 is the set of all λa where a ∈ F∗q
and a is any nonsquare. Let W be a Weil module for G. We see (by restricting
to P1) that Z1 has precisely (q − 1)/2 nontrivial characters on W . Since Y
is conjugate to Z1, it follows that Spec∗(Y,W) (the set of all nontrivial linear
characters of Y that occur on W ) is either Ω1 or Ω2. From the above discussion it
follows that in characteristic 2, the Weil module is determined by the i for which
Spec∗(Y,W) =Ωi and in characteristic not 2 by i and by dimension (or by the
kernel). In this case we will also say that W has type i . Observe that the Weil
modules occurring in each M(χ) are of the same type, cf. [TZ2, Lemma 2.6(iii)].
If A= Sp2m(q) is a standard subgroup of G, then we can also define the type for
Weil modules of A in a consistent way—i.e. the Weil modules are determined by
the set of nontrivial eigenvalues for a long root subgroup of A—since all the long
root subgroups are G-conjugate.
Applying this observation to a commuting pair of long root subgroups, we
obtain the following key property of Weil modules of G.
Lemma 5.4. Assume that n  2. Let (Y1, Y2) be a commuting pair of long root
subgroups. If W is a Weil module of G, then the only nontrivial linear characters
of Y1 × Y2 occurring on W are of the form α ⊗ β with either α,β ∈ Ω1 or
α,β ∈Ω2.
(By a nontrivial linear character of Y we mean a linear character whose
restriction to both Y1 and Y2 is nontrivial.)
Lemma 5.5. Assume that (n, q) = (1,3). Let X be any kG-module on which G
acts nontrivially and let M(χ) be the above kG-module of dimension qn. Then
M(χ)⊗X affords all nontrivial linear characters of Z1.
308 R.M. Guralnick et al. / Journal of Algebra 257 (2002) 291–347
Proof. Without loss we may assume that Spec(Z1,M(χ)), the set of all linear
characters of Z1 occurring on M(χ), is Ω1 ∪ {1}. Since (n, q) = (1,3) and G
acts nontrivially on X, we may assume that Spec(Z1,X) contains either Ω1 or
Ω2 (and has at least two characters). Now the statement is obvious if q = 3,5.
When q > 5, the statement boils down to the following: if F+, respectively F−,
denotes the set of all (nonzero) squares, respectively nonsquares, in Fq , then
F := F+ ∪ (F+ + FF)⊇ F+ ∪ F− for any F =±.
First observe that the equation x2 − y2 = a has nonzero solutions (x, y) =
((a + 1)/2, (a − 1)/2)) if a = 0,±1. Hence |F | (q − 3) (q + 1)/2 and we
are done if q ≡ F (mod 4). Suppose q ≡−F (mod 4). In this case, fix a ∈ FF and
observe that ax2 + 1 = 0 for any x ∈ Fq . If ax2 + 1 ∈ F+ for any 0 = x ∈ Fq ,
then the polynomial (at2 + 1)(q−1)/2 − 1 would have q distinct roots in Fq ,
a contradiction. Hence (F+ + FF) ∩ F− = ∅. Thus F ∩ F− = ∅, but F ⊇ F+
and so we are done. ✷
6. Spectra of long root subgroups
Let G = Sp2n(q), n  2, with q = pf with p odd. Let k be an algebraically
closed field of characteristic r = p and V a nontrivial irreducible kG-module. In
this and the next sections, we consider a few different properties which force the
module to be special. We say that V has property (R1) if Z1 has at most (and
therefore exactly) (q − 1)/2 nontrivial linear characters on V .
Lemma 6.1. Let V be any (nontrivial) irreducible kG-module with property (R1).
Assume that (n, q) = (2,3). Then
(i) CV (Z1)= CV (Q1), and
(ii) the P ′1-module [Z1,V ] is a direct sum of some M(χ).
Proof. (i) Assume the contrary: U := [Q1,CV (Z1)] = 0. Consider a long root
subgroup Z2 inside L′1 and take any nontrivial linear character α of Q1, which
is not fixed by any nontrivial element of Z2. Then for any nonzero vector v in
the α-eigenspace of Q1 on U , vZ2 generates the regular Z2-module R. Thus V
affords all linear characters of Z2, contrary to (R1).
(ii) Each χ -eigenspace Wχ of Z1 on [Z1,V ] has the form M(χ)⊗X, where
X is a certain L′1-module. Let Z2 be a long root subgroup inside L′1. If L′1 acts
nontrivially on X, then Lemma 5.5 implies that M(χ)⊗X affords all nontrivial
linear characters of Z2, contrary to (R1). Hence L′1 acts trivially on X, whence
Wχ is a direct sum of some copies of M(χ). ✷
It turns out that the following converse of Lemma 6.1 is true.
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Lemma 6.2. Let n  2 and let V be an irreducible kG-module such that
CV (Z1)= CV (Q1) and such that the P ′1-module [Z1,V ] is a direct sum of some
M(χ). Then the following statements hold.
(i) V has property (R1).
(ii) If r = 2 and dim(V ) > 1, then the L′1-module V is semisimple, with all
irreducible summands being Weil modules.
Proof. (i) By Lemma 4.2, all composition factors of the L′1-module C :=
CV (Q1) are Weil modules or are trivial. Denote W = [Z1,V ] and let Xi be the
family of simple L′1-modules consisting of Weil modules of type i (including also
trivial modules if r = 2).
If r = 2, each simple P ′1-module M(χ) is semisimple as an L′1-module and
indeed is a sum of two Weil modules of different dimension but of the same type.
It follows that W =W1 ⊕W2 where Wi , i = 1,2, is a direct sum of Weil modules
of type i for L′1. Each Wi is P ′1-invariant, because this is precisely the sum of Z1-
eigenspaces corresponding to one orbit on the weights of Z1. Also, Wi =W(Xi ),
cf. Lemma 4.3.
If r = 2 then by Lemma 5.2 we also have W = W1 ⊕ W2 where all L′1-
composition factors of Wi are trivial modules and Weil modules of type i .
Moreover, by Lemma 5.2 soc(Wi) is a direct sum of Weil modules of type i (and
in particular contains no trivial modules). This implies that Wi =W(Xi ). Also,
Wi is P ′1-invariant, because this module is precisely the sum of Z1-eigenspaces
corresponding to one orbit on the weights of Z1.
Now V (Xi ) =Wi ⊕ C(Xi ) for i = 1,2. Since Q1 acts trivially on C, C(Xi )
is P ′1-invariant, whence V (Xi ) is invariant under P ′1. Clearly, it is also invariant
under CG(L′1)
 SL2(q). Since G= 〈P ′1,SL2(q)〉, it follows that V = V (Xi ) for
i = 1 or 2 (and the other term is 0). The result follows.
(ii) Consider the L′1-submodule V ′ of the socle of V which consists of Weil
modules. This is P ′1-invariant, since V ′ is precisely the direct sum of W plus the
corresponding submodule in C. On the other hand, V ′ is clearly invariant under
CG(L
′
1)= SL2(q), hence V ′ = V . ✷
7. Spectra of commuting pairs of long root subgroups
Recall that by a commuting pair of long root subgroups we mean any pair
(Y,Y ′), where Y = {xβ(t) | t ∈ F∗q} and Y ′ = {xβ ′(t) | t ∈ F∗q}, where (β,β ′) is
any orthogonal pair of long roots.
In this section we study kG-modules V with the following property:
(R2) Spec∗(Y × Y ′,V )⊆ {α⊗ β | either α,β ∈Ω1 or α,β ∈Ω2}.
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Clearly, (R1) implies (R2). Also, any Weil module satisfies (R2) by Lemma 5.4.
Proposition 7.1. Let n 3 and let V be any irreducible kG-module with property
(R2). Then the following statements hold.
(i) V = CV (Q1)⊕ [Z1,V ].
(ii) The P ′1-module [Z1,V ] is a direct sum of some M(χ).
(iii) All composition factors of the L′1-module V are Weil modules or trivial.
(iv) V has property (R1).
Proof. (i) Assume the contrary: U := [Q1,CV (Z1)] = 0. Write U =⊕α Uα ,
where Uα is the α-eigenspace for Q1 on U . Observe that L′1 acts transitively on
the nontrivial linear characters of Q1, hence the sum runs over all nontrivial α.
Let (e1, . . . , en, f1, . . . , fn) be a symplectic basis of the natural module for G.
We may assume that P ′1 fixes e1. Since n  3, we may consider the following
commuting product of long root subgroups:
Y =
{(
In D
0 In
) ∣∣∣D = diag(0, a, b,0, . . . ,0), a, b ∈ Fq} .
View Q1/Z1 as the additive group 〈ei , fj | i, j > 1〉Fq and let α be the character
corresponding to the vector f2 + f3. Observe that no nontrivial element of Y
fixes α. Hence, if 0 = v ∈ Uα , then uY generates the regular Y -module R. It
follows that V affords all linear characters of Y , contrary to (R2).
(ii) Consider any nonzero Z1-eigenspace Vχ of Z1 on [Z1,V ]. Then Vχ 

M(χ)⊗X for some L′1-module X. We need to show that L′1 acts trivially on X.
Assume the contrary. Pick a long root subgroup Y < L′1. Then by Lemma 5.5,
Spec(Y,Vχ ) contains every nontrivial linear character λ of Y . Thus V affords
every character of the form χ ⊗ λ for the group Z1 × Y , again contrary to (R2).
Observe that this argument also works when n= 2.
(iii) and (iv) follow from (i), (ii), and Lemmas 4.2 and 6.2. ✷
Lemma 7.2. Assume that n  2. Then Pn acts on the set of nontrivial linear
characters of Qn with two orbits of length (qn − 1)/2. These two orbits occur in
the restriction of Weil modules of dimension (qn − 1)/2 to Qn. All other orbits
have length at least (qn − 1)(qn − q)/2(q + 1).
Proof. One can identify Qn with the space of symmetric (n× n)-matrices over
Fq , and then any A ∈ Ln 
 GLn(q) acts on Qn via X → tAXA. Any linear
character of Qn now has the form
X → εtrFq /Fp (Tr(BX))
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for some B ∈Qn. Thus every Ln-orbit on nontrivial linear characters of Qn is
just an orbit of Ln on Qn \ {1}. If the latter orbit contains a matrix X of rank j ,
then the stabilizer of X in Ln is[
qj (n−j)
] · (Oj(q)×GLn−j (q)).
So the length of this orbit is (qn − 1)/2 if j = 1 (there are exactly two orbits
of this kind; they correspond to squares and nonsquares in Fq ), or at least
(qn−1)(qn−q)/2(q+1) if j  2. The two Weil characters of degree (qn−1)/2
when restricted to Qn give us the orbits of smallest length. ✷
Theorem 7.3. Let V be any irreducible kG-module. Suppose that either n  3
and any Pn-orbit of Qn-characters on V is of length less than (qn− 1)(qn− q)/
2(q+1), or n= 2 and dim(V ) < (qn−1)(qn−q)/2(q+1). Then all conclusions
of Proposition 7.1 hold; in particular, V has property (R1).
Proof. First restrict V to the parabolic subgroupPn. By Lemma 7.2, the condition
on V implies that there is a (formal) sum V ′ of Weil and trivial modules of G such
that V |Qn 
 V ′|Qn . Since n  2, Qn contains a commuting pair (Y,Y ′) of long
root subgroups. By Lemma 5.4, V ′, and so V , has property (R2) for the pair
(Y,Y ′) (and so for any commuting pair as well).
If n 3, we are done by Proposition 7.1. Assume that n= 2. Then conclusion
(ii) of Proposition 7.1 holds as well, as we have observed in its proof. Thus we
may write [Z1,V ] as the sum of M(χ), and each M(χ) occurs with multiplicity
si if χ ∈Ωi , i = 1,2.
It remains to establish conclusion (i). Assume the contrary, that U :=
[Q1,CV (Z1)] = 0. Consider the commuting product Y = Z1 × Z2, where
Z2 <L′1. Observe that the fixed point subspace of Z2 on M(χ) has dimension 1,
whence the multiplicity of the Y -character χ ⊗ 1 on V is si . On the other hand,
Z2 acts on nontrivial linear characters of Q1 with q − 1 fixed points and q − 1
regular orbits. It follows that the multiplicity of the Y -character 1⊗ χ on V is at
least q − 1. Since the pairs (Z1,Z2) and (Z2,Z1) are conjugate in V , we come to
the conclusion that si  q − 1. Thus
dim(V )  dim(U)+ dim([Z1,V ]) (q2 − 1)+ (q − 1)q(q − 1)
= (q2 + 1)(q − 1),
contrary to the assumption that dim(V ) < q(q − 1)2/2. ✷
Corollary 7.4. Suppose that n  2. Then the (unique) irreducible complex
character ρ of Sp2n(q) of degree (qn−1)(qn−q)/2(q+1) is irreducible modulo
any prime r different from p.
Proof. The statement is well known for n = 2, cf. [Wh1,Wh2,Wh3], hence
we may assume n  3. The existence and uniqueness of such ρ follow from
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[TZ1, Theorem 5.2]. Assume that ρ|Qn contains more than one Ln-orbit of
linear characters of Qn. By Lemma 7.2, there is a character µ of G such
that ρ|Qn = µ|Qn and µ is a sum of Weil and trivial characters of G. Thus
ρ satisfies (R2). By Proposition 7.1, ρ satisfies (R1) and (W), contrary to
[TZ2, Theorem 1.1]. Hence ρ|Qn consists of exactly one Ln-orbit. By Clifford’s
Theorem, (ρ (mod r))|Pn is irreducible. ✷
8. Proof of Theorem 2.2: r = 2 and n > 2
We keep notation as in Sections 6 and 7.
Theorem 8.1. Assume that r = 2 and n  3. Suppose that V is a nontrivial
irreducible kG-module such that Z1 has only (q − 1)/2 nontrivial characters
on V . Then V is a Weil module (and in particular has dimension (qn ± 1)/2).
We will prove this result by showing that the Brauer character τV of V is the
same as that of a Weil module. We prove the result in a series of lemmas. For
definiteness we assume that the nontrivial Z1-characters occurring on V belong
to Ω1. Let W−n and W+n denote the 2 Weil modules for G corresponding to the
set Ω1 of Z1-characters, of dimension (qn− 1)/2 and (qn + 1)/2, respectively.
We will use the notation C = A + B to indicate that this is true in the
Grothendieck group G0(X) of a group X.
By Lemmas 6.1 and 6.2, V = CV (Q1)⊕ [Z1,V ], [Z1,V ] = s∑χ∈Ω1 M(χ)
as P ′1-module, and CV (Q1)= aW−n−1 + bW+n−1 as L′1-module, for some integers
a, b, s  0.
First we observe that s = a + b. For, if t ∈Z1 is a transvection, then
τV (t)= a q
n−1 − 1
2
+ b q
n−1 + 1
2
+ sqn−1−1+
√
Fq
2
,
where F = (−1)(q−1)/2. On the other hand, for a G-conjugate t ′ of t which is
contained in L′1 we have
τV (t
′)= a−1+ q
n−2√Fq
2
+ b 1+ q
n−2√Fq
2
+ s (q − 1)q
n−2√Fq
2
.
Since τV (t)= τV (t ′), we obtain s = a + b. Therefore,
V = aW−n + bW+n as P ′1-modules. (1)
We next consider the subgroups Hd := Sp2d(q)× Sp2(n−d)(q) which are the
stabilizer of nondegenerate 2d-subspaces, 1 d  n− 1. It is well known that
W−n
∣∣
Hd
= W−d ⊗W+n−d +W+d ⊗W−n−d ,
W+n
∣∣
Hd
= W−d ⊗W−n−d +W+d ⊗W+n−d .
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We may assume that B := Sp2(n−d)(q) is contained in L′1, whence it follows
from (1) that
V |B =
(
a
(
qd + 1)/2+ b(qd − 1)/2)W−n−d + (a(qd − 1)/2
+ b(qd + 1)/2)W+n−d . (2)
Since A := Sp2d(q) is G-conjugate to a subgroup of L′1, (1) also implies that
V |A =
(
a
(
qn−d + 1)/2+ b(qn−d − 1)/2)W−d
+ (a(qn−d − 1)/2+ b(qn−d + 1)/2)W+d . (3)
Thus all the composition factors of V |Hd are of form Wid ⊗ Wjn−d , where
i, j = 1,2. Note that the central involution z of G acts as a scalar on V , and it acts
as −Fn on W−n and as Fn on W+n , where F = (−1)(q−1)/2. Matching the action of
z on different composition factors of Hd , we arrive at one of the following two
possibilities:
V |Hd = xW−d ⊗W+n−d + yW+d ⊗W−n−d or (4)
V |Hd = xW−d ⊗W−n−d + yW+d ⊗W+n−d . (5)
Suppose we are in the case of (4). Then Eqs. (2)–(4) have only one solution
b = 0, x = y = a. This means that V = aW−n in G0(P ′1) and G0(Hd).
Suppose we are in the case of (5) and d = n/2. Such d exists since n 3. Then
Eqs. (2), (3), and (5) have only one solution a = 0, x = y = b. This means that
V = bW+n in G0(P ′1) and in G0(Hd) for all d = n/2. Now for d = n/2, Eqs. (2),
(3), and (5) imply x = y = b as well, since we already know that a = 0. Thus
V = bW+n in G0(Hd) for d = n/2.
So we now have the following lemma.
Lemma 8.2. There is a Weil module W of G and s ∈N such that V = sW for all
the subgroups Hd and P ′1. In particular, τV (x)= sτW (x) for x in a conjugate of
one of these subgroups.
We need to consider the other families of subgroups given in Lemma 4.4.
Lemma 8.3. V = sW as SL2(qn)-modules.
Proof. Let H = SL2(qn). Let Q denote a maximal unipotent subgroup of H .
Since Q  P ′1, V = sW as Q-modules by Lemma 8.2. Also, since the central
involution z of H is contained in H1, τV (z)= sτW (z). It follows by inspection of
the irreducible modules for H that V = sW as H -modules. ✷
Lemma 8.4. V = sW as P1-modules.
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Proof. Let χ ∈Ω1 and let Vχ and Wχ denote the χ -eigenspaces for Z1 on V and
W , respectively, and let J be the stabilizer of χ in P1. Then J = C × P ′1 where
C =Z(G). So by Lemma 8.2, Vχ = sWχ as J -modules. Since [Z1,V ] = (Vχ )P1J
(and similarly for W ), it follows that [Z1,V ] = s[Z1,W ] as P1-modules. In
particular, [Z1,V ] = s[Z1,W ] as L1-modules. But L1 < Sp2(q) × L′1 = H1
and V = sW as H1-modules by Lemma 8.2, hence CV (Z1) = sCW (Z1) as
L1-modules. Since Q1 acts trivially on CV (Z1) and CW(Z1), it follows that
CV (Z1)= sCW (Z1) as P1-modules. ✷
We now consider Pj for j > 1. We first need the following lemma.
Lemma 8.5. V = sW as Qj -modules and CV (Zj )= CV (Qj ).
Proof. If j = 1, this has already been proved. Since Qj  P ′1, the first statement
holds by Lemma 8.2. Since the second statement holds for W , the first statement
implies the second. ✷
Lemma 8.6. V = sW as Pj -modules for all j .
Proof. (1) Induction on j . The case j = 1 is just Lemma 8.4. For the induction
step let j > 1. Write Lj =A×B , where A=GLj (q) and B = Sp2(n−j)(q).
Let Vα be a weight space for Zj in [Zj,V ]. The weights α that occur are
precisely those occurring on W . In particular, Vα is a direct sum of irreducible
homogeneousQj -modules and Pj is transitive on this collection of weights. Also,
if we identify Zj with the space of symmetric (j × j)-matrices over Fq , then α
corresponds to a symmetric matrix of rank 1. Hence, J := StabPj (α) is contained
in a conjugate of Pj−1 (and contains QjB).
Since Pj transitively permutes the Zj weight spaces, we see that that V 

(Vα)
Pj
J ⊕ CV (Zj ) as Pj -modules. We have noticed that J  Pj−1. In particular,
this implies by the induction hypothesis that Vα = sWα as J -modules (where Wα
is the corresponding weight space for Z1 on W ). Thus, [Zj,V ] = s[Zj ,W ] as
Pj -modules.
(2) Assume j < n. Since Lj < Sp2j (q)× Sp2(n−j)(q)=Hj , V = sW as Lj -
modules by Lemma 8.2. On the other hand, [Zj,V ] = s[Zj ,W ] as Lj -modules
by the previous paragraph. It follows thatCV (Zj )= sCW (Zj ) asLj -modules and
so as Pj -modules, since Qj acts trivially on CV (Zj ) and CW(Zj ) by Lemma 8.5.
(3) Now assume that j = n. As we explained in (2), it suffices to show that
V = sW as Ln-modules. Let g ∈ Ln be any r ′-element. Consider the (faithful)
action of g on the maximal totally isotropic subspace M fixed by Pn, and write
g = su, with s the semisimple part and u the unipotent part. If g fixes a proper
subspace M ′ = 0 of M , then g lies in a conjugate of Pi with i = dim(M ′) < j ,
whence V = sW as 〈g〉-modules by induction hypothesis. Now assume that g
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is irreducible on M . If u = 1, then CM(u) = 0 is a g-invariant proper subspace
of M , a contradiction. Hence u = 1, and g = s is irreducible on M . If the 〈g〉-
module M is not self-dual, then g is contained in a torus T 
 Zqn−1 of Ln, and
moreover one can embed T in a standard subgroup SL2(qn) of G. According to
Lemma 8.3, V = sW as 〈g〉-modules. If the 〈g〉-module M is self-dual, then one
can show that n is even and g stabilizes a nondegenerate subspace of dimension
n, whence a conjugate of g is contained in Hn/2 and so V = sW as 〈g〉-modules
by Lemma 8.2. Consequently, V = sW as Ln-modules. ✷
This completes the proof of Theorem 8.1.
9. Proof of Theorem 2.2: r = 2 and n > 2
Here we prove Theorem 2.2 for the case of characteristic r = 2 and n > 2. Let
V be an irreducible kG-module with property (R1), say Spec∗(Z1,V )=Ω1. We
will denote by Wn the irreducible Weil module in characteristic 2 of G such that
Spec∗(Z1,Wn) = Ω1. Let F = (−1)(q−1)/2 and let Z2 be a long root subgroup
inside L′1 = Sp2n−2(q).
By Lemma 6.1, V = CV (Q1) ⊕ [Z1,V ] and [Z1,V ] = m∑χ∈Ω1 M(χ) as
P ′1-modules for some m ∈ N. By Lemma 4.2, CV (Q1) = aWn−1 + b · 1 as
L′1-modules for some integers a, b 0. Thus
V |L′1 =m(q − 1)/2 · (2Wn−1 + 1)+ aWn−1 + b · 1.
First we observe that a = m. Indeed, let t be a transvection in Z1. Then we
may assume that
τV (t)=mqn−1
(−1+√Fq )/2+ a(qn−1 − 1)/2+ b.
Now let t ′ ∈ Z2 be G-conjugate to t . Then
τV (t
′)= m(q − 1)
2
(
1+ 2−1+ q
n−2√Fq
2
)
+ a(−1+ qn−2√Fq )/2+ b.
Since τV (t)= τV (t ′), it follows that (m− a)(qn−1 − qn−2√Fq )= 0, i.e. a =m,
as stated.
We will prove that V = mWn + b · 1. The above discussion shows that this
holds for V considered as a P ′1-module.
Next we proceed to prove this equality for V as an Hd -module, where 1 d 
n − 1. First we can view the component B := Sp2n−2d (q) of Hd as a standard
subgroup of L′1 and get Wn|B = (qd + 1)/2 ·Wn−d + (qd − 1)/2 · (Wn−d + 1),
(recall that r = 2). We can get only Wn−d , but not its algebraic conjugate, in this
restriction, because of the condition on the spectrum of a G-conjugate of Z1 lying
in B . Since V =mWn + b · 1 in G0(L′1), one has
V |B =mqdWn−d +
(
b+m(qd − 1)/2) · 1.
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On the other hand, the first component A of Hd is G-conjugate to a standard
subgroup of type Sp2d(q) inside L′1, hence
V |A =mqn−dWd +
(
b+m(qn−d − 1)/2) · 1.
The shape of V |A and of V |B implies that
V |A×B = xWd ⊗Wn−d + y ·Wd ⊗ 1B + z · 1A ⊗Wn−d + s · 1,
where x ∈ Z and
y = mqn−d − x(qn−d − 1)/2, z=mqd − x(qd − 1)/2,
s = b+ (x − 2m)(qd − 1)(qn−d − 1)/4.
In order to determine x , we compute τV (g) in two ways, where g = tt ′′, t ∈
Z1  A is the abovementioned transvection, and t ′′ ∈ B is L′1-conjugate to
t ′ ∈Z2. The formula for V |P ′1 tells us that
τV (g) = mqn−2√Fq
(−1+√Fq )/2+m(−1+ qn−2√Fq )/2+ b
= m(−1+ Fqn−1)/2+ b,
since t acts scalarly on eachM(χ)which is anL′1-module of type (Wn−1,1,Wn−1),
and trivially on the rest. On the other hand, the shape of V |Hd yields τV (g) equal
to
x(−1+ qd−1√Fq )(−1+ qn−d−1√Fq )
4
+ y(−1+ q
d−1√Fq )
2
+ z(−1+ q
n−d−1√Fq )
2
+ s
= xq
n−2(√Fq − q)2
4
+ m(2q
n−1√Fq − qn − 1)
2
+ b.
From this it follows that (x − 2m)qn−2(√Fq − q)2 = 0, i.e. x = 2m. Hence
y = z=m, s = b, and so
V |Hd = 2mWd ⊗Wn−d +m ·Wd ⊗ 1B +m · 1A ⊗Wn−d + b · 1,
i.e. V and mWn + b · 1 agree on Hd .
Next consider the subgroup H = SL2(qn) of G. Let J be a maximal unipotent
subgroup of H . Since J  P ′1, V = mWn + b · 1 as J -modules. Again by
inspecting the irreducible modules for H we see that V = mWn + b · 1 as
H -modules.
It remains to deal with Pj . At this point, the argument given in Section 8 as for
the case r odd goes through unchanged and thus we have shown:
Theorem 9.1. Assume that r = 2 and n  3. Suppose that V is a nontrivial
irreducible kG-module such that Z1 has only (q − 1)/2 nontrivial linear
characters on V . Then V is a Weil module (and in particular has dimension
(qn − 1)/2).
R.M. Guralnick et al. / Journal of Algebra 257 (2002) 291–347 317
10. Proofs of Main Theorems for symplectic groups
Lemma 10.1. Let S = Sp4(q) with q = pf odd. Suppose that V is an irreducible
kS-module in cross characteristic r which does not lift to zero characteristic. Then
the following statements hold.
(i) V does not have property (R1).
(ii) (p,dim(V )) = 1. In particular, if q = p then Spec(g,V ) # 1 for any
transvection g ∈ S.
(iii) Let q = p and g ∈ S be a nontrivial product of two commuting transvections.
Then dV (g)= p.
Proof. The r-Brauer characters of S are described in [Wh1,Wh2,Wh3]. Using
this description, one can readily check (i) and that p  dim(V ). If q = p and
Spec(g,V ) # 1 for a transvection g ∈ S, then we may choose g to be a generator
of Z1 and see that CV (Z1)= 0, whence the dimension of V = [Z1,V ] is divisible
by dim(M(χ))= p, a contradiction.
Under the assumptions in (iii), assume that dV (g) < p. The case p = 3 can be
checked directly, so we will assume that p > 3. Choose g = zt where 1 = z ∈ Z1
and t is a transvection in L′1 
 SL2(p). First observe that U := [Q1,CV (Z1)] = 0.
For if U = 0, then since t has a regular orbit on the natural module for L′1, it
follows that t has a regular orbit on the set of linear Q1-characters occurring onU .
Thus U contains a regular k〈g〉-module, contrary to the condition dV (g) < p.
Next consider the χ -eigenspace M(χ) ⊗ X for Z1 on V for any nontrivial
linear character χ of Z1. We claim that L′1 acts trivially on X. If not, then
Spec(t,M(χ)⊗X) contains all nontrivial pth roots Fi of unity by Lemma 5.5. We
may assume that χ(z) = F. Thus Spec(g,V ) ⊇ Spec(g,M(χ) ⊗X) # Fi for all
i ∈ {0,1, . . . , p−1} \ {1}. Doing the same thing with another χ (recall p > 3), we
come to the conclusion that Spec(g,V ) = {Fi | 0  i  p − 1}, i.e., dV (g) = p,
again a contradiction. Consequently, V satisfies the hypothesis of Lemma 6.2 and
therefore V has property (R1) by that lemma. But this contradicts (i). ✷
Proof of Theorem 2.2. The case n 3 has been completed in Sections 8 and 9.
Assume that n= 2. If V is liftable to characteristic 0, then the statement follows
from [TZ2]. If V is not liftable, then we may apply Lemma 10.1. ✷
Proof of Theorem 2.1. Let V be an irreducible kG-module of dimension less
than (qn − 1)(qn − q)/2(q + 1). By Theorem 7.3, V enjoys (R1). It remains to
apply Theorem 2.2. ✷
Proof of Theorem 2.3. By Lemma 5.4, (W) implies (R2). By Theorem 7.3,
(Q) implies (R2). Finally, (R2) implies (R1) by Proposition 7.1, so we are done
by Theorem 2.2. ✷
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Example 10.2. Let n  2 and q be odd. The group Sp2n(q) acts as a rank 3
permutation group on the set of 1-spaces of the natural module F2nq . The
submodule structure of the corresponding permutation moduleM was determined
by Liebeck in [Li] in any cross characteristic r = 2; and the composition factors
of M (mod p) were found by Zalesskii and Suprunenko in [ZS]. Using our results
one can also determine the structure of M (mod 2).
It is known that the character of Sp2n(q) on M is 1 + αn + βn, where αn
and βn are irreducible characters of degree (qn − 1)(qn + q)/2(q − 1) and
(qn+1)(qn−q)/2(q−1), respectively. As we mentioned in the proof of Lemma
7.2, each linear character of Qn has the form
λB :X → εtrFq /Fp (Tr(BX))
for some symmetric matrix B . Some of Pn-orbits on Irr(Qn) are: O1 and O2
of length (qn − 1)/2 (corresponding to those B of rank 1), O3 and O4 of length
(qn−1)(qn−q)/2(q+1), respectively (qn−1)(qn−q)/2(q−1) (corresponding
to those B of rank 2, which define a quadratic form of type −, respectively +).
One can show that
αn|Qn =
∑
λ∈O1
λ+
∑
λ∈O2
λ+
∑
λ∈O4
λ+ q
n − 1
q − 1 · 1Qn,
βn|Qn =
∑
λ∈O4
λ+ q
n − q
q − 1 · 1Qn.
Let ηn and ηn be the reduction modulo 2 of the two complex irreducible Weil
characters of degree (qn − 1)/2. Define κ = 1 if n is even and 0 otherwise. We
claim that there is an irreducible Brauer character γ such that
αn (mod 2)= (1+ κ)+ ηn + ηn + γ, βn (mod 2)= κ + γ.
Indeed, the case n = 2 was done in [Wh1]. Suppose n  3 and let γ be the
composition factor of βn (mod 2) whose restriction to Qn involves O4. Since
βn (mod 2)− γ is trivial on Qn, it is a multiple of 1Sn . Now L′n = SLn(q) cannot
act trivially on the Qn-fixed points inside γ (otherwise P ′n would have too many
fixed points). Hence the formula for βn (mod 2) follows. One can show that all
composition factors of βn (mod 2) appear in αn (mod 2). Each composition factor
of (αn − βn) (mod 2) restricted to Qn involves only O1, O2 (and maybe 1Qn),
hence it is trivial or a Weil module by Theorem 2.3, whence the formula for
αn (mod 2) follows. Detailed argument will be given in [LST]. Other rank 3
permutation modules of finite classical groups will be handled in [ST].
11. Representations of small unitary groups
Let G=Un(q), q = pf , and k be an algebraically closed field of characteristic
r coprime to q . Weil modules of G are discussed in detail in [TZ2]. In particular,
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if n 3 then there are (q+1)2 complex modules, with character ζ ijn , 0 i, j  q ,
where ζ ijn is obtained from ζ in = ζ i0n via multiplying by a linear character, and ζ in
is calculated in [TZ2, Lemma 4.1]. Reduction modulo r of complex Weil modules
is discussed in [DT,HM].
Let P1 be the first parabolic subgroup of G, Q1 =Op(P1), Z1 = Z(Q1). We
may think of P1 as StabG(〈e〉F
q2
), where e is a nonzero isotropic vector in the
natural moduleW = Fn
q2
forG. Let S := SUn(q), P ′1 = StabS(e), P ′′1 = StabG(e).
Then P ′′1 = Q1 · L with L 
 Un−2(q) and P ′1 = Q1 · K with K 
 SUn−2(q).
For each nontrivial linear character χ of Z1, there is an irreducible module of
dimension qn−2 of Q1 whose restriction to Z1 is qn−2χ and which extends to an
irreducible module M(χ) of P ′′1 . Furthermore, if U is any kP ′′1 -module whose
restriction to Z1 involves only χ , then U 
 M(χ) ⊗ X for some kL-module
X. The last two claims can be proved using Lemma 2.1 in the preprint version
of [MT].
We say that a kS-module V has property (W) if for some k, 3 j  n−1, the
restriction of V to a standard subgroup SUj (q) involves only irreducible Weil and
trivial modules. Our argument will particularly rely on analyzing the behavior of
the subgroup R3 :=Op(P), where P is the first parabolic subgroup of a standard
subgroup SU3(q) in SUn(q) if n is odd, and the subgroup R4 := Op(P), where
P is the second parabolic subgroup of a standard subgroup SU4(q) in SUn(q) if
n is even. Note that R3 is of extra-special type of order q3, and R4 is elementary
abelian of order q4. A key role, similar to the role of property (R2) in the case of
symplectic groups, is played by the following two observations.
Lemma 11.1. Let V be a Weil module or a trivial module of SU3(q). Then the
restriction of V to R3 contains no nontrivial linear character of R3.
Proof. The claim follows from the formula for ζ in given in [TZ2, Lemma 4.1].
See also Table 3.2 of [Geck]. ✷
Let A = U4(q) and W := 〈e1, e2, f1, f2〉F
q2
be the natural module of A, and
let the hermitian form have the matrix
( 0 I2
I2 0
)
. Let P = StabA(〈e1, e2〉F
q2
) and
R4 =Op(P).
Lemma 11.2. In the above notation, P has two orbits, say O1 and O2, on
the set of nontrivial linear characters of R4, of length (q4 − 1)/(q + 1) and
q(q4 − 1)/(q + 1), respectively. The first orbit occurs on any of Weil modules
of A. Furthermore, both O1 · O1 and O1 · O2 intersect O2. Finally, O1 is also
a P ′-orbit, and O2 splits into gcd(2, q − 1) P ′-orbits of equal length, where
P ′ = P ∩ SU4(q).
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Proof. Fix a nonzero element θ ∈ Fq2 such that θq−1 =−1. Then
R4 =
{(
I2 θX
0 I2
) ∣∣∣X = ( a c
cq b
)
, a, b ∈ Fq, c ∈ Fq2
}
.
Thus we may identify R4 with the space of hermitian (2× 2)-matrices over Fq2 .
Next, P = R4 ·C, where C 
GL2(q2). Any linear character of R4 now has the
form
X → εtrFq /Fp (Tr(BX))
for some B ∈ R4. Thus every C-orbit on nontrivial linear characters of R4 is just
a C-orbit on R4 \ {0}. The latter orbits are O1, that of those X of rank 1, and O2,
that of rank 2. Clearly, |O1| = (q4 − 1)/(q + 1) and |O2| = q(q4 − 1)/(q + 1).
Since the dimension of any Weil module V is less than |O2|, O1 occurs on V |Q.
The claim about O1 ·O1 and O1 ·O2 follows from the observation that one can
find hermitian matrices X,Y,Z ∈ R4, where X,Y are of rank 1 and Z is of rank
2 such that the rank of X+ Y and of X+Z is 2. The last claim of the lemma can
be seen by direct computation. ✷
Proposition 11.3. Let G = U3(q) or SU3(q) with q = pf and Q be a p-Sylow
subgroup of G. Let V be any irreducible kG-module such that the restriction
V |Q contains no nontrivial linear character of Q. Then V is a Weil module or
a module of dimension 1.
Proof. (1) Because of the factorization U3(q)= NU3(q)(Q)SU3(q) and because
any Weil module of SU3(q) is extendible to U3(q), it suffices to prove the
proposition for G = U3(q). Also, the statement is known in the case of
characteristic 0, cf. [Geck, Table 3.2]. Hence we may assume that V does not
lift to characteristic 0. The case q = 2 can be checked directly, so we will assume
q > 2. A theorem of Broué and Michel [BM] asserts
Er
(
G,(s)
) := ⋃
t∈CG(s)
t an r-element
E(G,(st)) (6)
is a union of r-blocks, where s ∈G is a semisimple r ′-element and E(G, (st)) is
the Lusztig series [DM] of irreducible complex characters of G corresponding to
the G-conjugacy class of the semisimple element st. (Note that we have identified
Gwith the dual groupG∗.) Abusing notation, we also denote by Er (G, (s)) the set
of irreducible r-Brauer characters that belong to this union of r-blocks. Assume
V belongs to Er (G, (s)). According to [FS], {χˆ | χ ∈ E(G, (s))} forms a basic set
for the Brauer characters in Er (G, (s)), where χˆ denotes the restriction of χ to
r ′-classes. Let ϕ be the Brauer character of V , 1 = x ∈ Z(Q) and y ∈Q \Z(Q).
Recall we are assuming that V |Q contains no nontrivial linear character of Q, and
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r = p. Since θ(1)+ (q − 1)θ(x)− qθ(y)= 0 for any θ ∈ Irr(Q) except for the
case θ is a nontrivial linear character, it follows that
ϕ(1)+ (q − 1)ϕ(x)− qϕ(y)= 0. (7)
(2) Now CG(s) is (U1(q))3, GL1(q2) × U1(q), U1(q3), U2(q) × U1(q), or
s = 1.
We claim that in the first three cases ϕ lifts to characteristic 0. Indeed, a result
of Hiss and Malle [HM, Proposition 1] states that the degree of any Brauer
character in Er (G, (s)), in particular ϕ(1), is divisible by (G : CG(s))p′ . In these
three cases, CG(s) is a maximal torus. For any t as in (6), s is a power of st
and t ∈ CG(s), hence CG(st) = CG(s). Thus unipotent characters of CG(st)
have degree 1, whence Lusztig’s parameterization [DM] of irreducible complex
characters of G implies that ψ(1) = (G : CG(s))p′ for any irreducible complex
character ψ in Er (G, (s)). Therefore, all irreducible characters in Er (G, (s)), no
matter complex or Brauer, have the same degree. It follows that ϕ = ψˆ for some
irreducible complex character ψ ∈ Er (G, (s)), as stated.
Since we assume V does not lift to characteristic 0, none of the first three cases
can occur. In the last case we may write ϕ = a + bρˆ + cχˆ , where a, b, c ∈ Z and
ρ, χ are unipotent characters of G of degree q(q − 1) and q3, respectively. The
condition (7) implies that c = 0. It is well known that ρˆ is irreducible, hence the
irreducibility of ϕ implies that ϕ = 1G or ρˆ, and so we are done as ρ is a Weil
character. The fourth case can be treated similarly. ✷
Lemma 11.4. Let A = SU3(q), and let W be an irreducible Weil module of A
over k and X any kA-module. Suppose that (W ⊗X)|R3 contains no nontrivial
linear character of R3. Then Z(R3) acts trivially on X.
Proof. Observe that W |R3 contains all q − 1 irreducible characters αi , 1  i 
q − 1, of degree q of R3. Assume that Z(R3) acts nontrivially on X. Then X|R3
contains αi for some i . It follows that (W ⊗ X)|R3 contains αiαi , which is the
sum of all linear characters of R3, contrary to the assumption. ✷
Let G= SUn(q) or Un(q) with n 4 and V be an irreducible kG-module. We
say that V has property (R3) if the restriction V |R3 of V to the subgroup R3 of
a standard subgroup SU3(q) of G does not contain any nontrivial linear character
of R3. Similarly, we say that V has property (R4) if the restriction V |R4 of V
to the subgroup R4 of a standard subgroup SU4(q) of G contains only linear
characters of R4 that belong to the orbit O1 (defined in Lemma 11.2) and maybe
the trivial character.
Proposition 11.5. Let S = SUn(q), n  5, (n, q) = (5,2). Let V be any kS-
module either with property (W) or with property (R3). Then CV (Q1)= CV (Z1)
and the P ′1-module [Z1,V ] is a direct sum of M(χ)’s.
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Proof. The property (W) for V implies that V |A involves only Weil and trivial
modules, where A = SU3(q) is any standard subgroup, and that Spec(R3,V )
contains no nontrivial linear characters of R3 by Lemma 11.1. So we may assume
that (R3) holds.
If Wχ is the χ -eigenspace for Z1 on V , where χ is any nontrivial linear
character of Z1, then Wχ =M(χ)⊗X for some K-module X. By Lemma 11.4,
Z(R3) acts trivially on X. But the condition on (n, q) implies that K = SUn−2(q)
is quasi-simple. Hence K acts trivially on X, and so [Z1,V ] is a direct sum of
some M(χ).
Next assume that U := [Q1,CV (Z1)] = 0, and consider a K-orbit O of
nontrivial linear characters of Q1 occurring on U . We may identify O with the
set of all vectors of fixed norm µ = 0 or 1 in the natural module W = Fn−2
q2
for
K . Choose a basis (e1, . . . , en−2) of W in which the Gram matrix of the hermitian
form is
diag
((0 0 1
0 1 0
1 0 0
)
, In−5
)
.
In the case µ= 0, O contains α = te1 + e3, where 0 = t ∈ Fq2 and t + tq = 0. In
the case µ= 1,O contains α = e2+ e3. Choose a standard subgroup A= SU3(q)
inside K as the pointwise stabilizer of the subspace 〈e4, . . . , en−2〉F
q2
, and let
R3 = StabA(e1). Then
R3 =
{
diag
((1 a b
0 1 −aq
0 0 1
)
, In−5
) ∣∣∣∣ a, b ∈ Fq2, aq+1 + b+ bq = 0
}
,
and so no nontrivial element of R3 fixes α. Thus if v is a nonzero α-eigenvector
for Q1 in U , then vR3 generates a regular kR3-module. In particular, V affords
all nontrivial linear characters of R3, a contradiction. ✷
Next we determine the kG-modules V with property (W), (R3), or (R4),
for G = U4(q). We use the notation of [N1] for conjugacy classes and complex
characters of G. For any irreducible r-Brauer character ϕ of G, we define
ϕ[3] = ϕ(1)+ (q − 1)ϕ(x)− qϕ(y),
ϕ[4] = ϕ(1)+ (q − 1)ϕ(x)− qϕ(z),
where x , respectively y , z, is an element of class A2(0), respectively A3(0),
A4(0), of G.
Lemma 11.6. Let G= U4(q) and ϕ ∈ IBrr (G) be an irreducible character with
(at least one of the properties) (W), (R3), or (R4). Then
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(i) ϕ[3] = ϕ[4] = 0.
(ii) If ϕ lifts to characteristic 0 then ϕ is either of degree 1 or a Weil character.
Proof. (1) As we have already mentioned above, (W) implies (R3). Assume
that ϕ has property (R3). Consider a subgroup R3 inside a standard subgroup
A = SU3(q) of G. Since the central nontrivial elements of R3 belong to class
A2(0) and noncentral elements belong to class A4(0) of G, (R3) implies that
ϕ[4] = 0.
Next we restrict ϕ to the parabolic subgroup P1 = q1+4 : (U2(q) × Zq2−1)
of G and let ψ be any irreducible constituent of ϕ|P1 . Assume that ψ|Q1 contains
a nontrivial linear character of Q1/Z1, where Q1 = Op(Q1) and Z1 = Z(Q1).
Observe that P1 has exactly two orbits on nontrivial linear characters of Q1/Z1,
C1 of length (q + 1)(q2 − 1) and C2 of length q(q − 1)(q2 − 1). Moreover, C1 is
afforded by the complex character γ4(0) of P1 (in the notation of [N1]), and C2 is
afforded by γ7(0). By Clifford’s Theorem, we may assume that ψ|Q1 = γj (0)|Q1
with j = 4 or 7. Now we may choose R3 to be contained in Q1, with a nontrivial
central element x belonging to class A2(0) and a noncentral element z belonging
to class A6(0) of P1. Since
ρ(1)+ (q − 1)ρ(x)− qρ(z) > 0 for ρ = γ4(0) and ρ = γ7(0),
we see that ψ|R3 contains nontrivial linear characters of R3, contrary to (R3).
Next assume that ψ|Z1 contains the trivial character 1Z1 . The result we have
just proved above implies that Q1  Ker(ψ) in this case. Thus ψ is actually a
representation of P1/Q1. Since all r-modular representations of P1/Q1 lift to
characteristic 0, we may assume that ψ is a complex representation of P1/Q1,
i.e. one of the representations γi(k, l) listed in [N1] with i = 1,2,3, or 8. Choose
an element y ∈Q1 of class A4(0) and z ∈Q1 of class A6(0) of P1. Then γi(k, l)
takes the same value at y and z for i = 1,2,3, and 8. Hence ψ(y)=ψ(z).
Finally, assume that ψ|Z1 does not contain 1Z1 . Then each irreducible
constituent of ψ|Q1 is of degree q2 and vanishes at both y and z, as they are
not central in Q1. Thus we again have ψ(y)=ψ(z).
We have shown that ϕ(y)= ϕ(z). Note that y belongs to class A3(0) of G and
z belongs to class A4(0) of G. Hence ϕ[4] = 0 implies ϕ[3] = 0.
(2) Assume ϕ has property (R4). We restrict ϕ to the parabolic subgroup
P2 = R4 :GL2(q2) of G and let ψ be any irreducible constituent of ϕ|P2 . Here
R4 contains some element x from class A2(0) of G and some element y from
class A3(0) of G. By assumption, either ψ|R4 is trivial or it yields the short orbit
O1 of R4-characters. Since O1 is afforded by the character χ19(0,1) of G (in the
notation of [N1]), we easily check that ϕ[3] = 0.
Assume that ψ|R4 contains the trivial character 1R4 . Then ψ is actually a
representation of P2/R4. Since all r-modular representations of P2/R4 lift to
characteristic 0, we may assume that ψ is a complex representation of P2/R4,
i.e. one of the representations βi(k, l) listed in [N1] with i = 1,2,3, or 8. Choose
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an element y ∈ P2 of class A4(0) and z ∈ P2 of class A5(0) of P2. Then βi(k, l)
takes the same value at y and z for i = 1,2,3 and 8. Hence ψ(y)=ψ(z).
Assume that ψ|R4 yields the orbitO1. Then ψ = λP2 , where λ is an irreducible
Brauer character of the inertia group I = R4([q2] : (U1(q) × GL1(q2))) of an
R4-character α ∈O1. Since I is solvable, λ lifts to characteristic 0 by the Fong–
Swan Theorem. Hence we may assume that ψ is a complex representation of P2
yielding only O1, i.e. one of the representations βi(k, l) listed in [N1] with i = 4
or 5. One can check that βi(k, l) takes the same value at y and z for i = 4 and 5.
Hence ψ(y)=ψ(z).
We have shown that ϕ(y)= ϕ(z). Note that y belongs to class A3(0) of G and
z belongs to class A4(0) of G. Hence ϕ[3] = 0 implies ϕ[4] = 0.
(3) Now assume ϕ[4] = 0 and ϕ lifts to characteristic 0. Then ϕ is either Weil
or of degree 1, according to [TZ2, Lemma 4.10]. ✷
Proposition 11.7. Let G= U4(q) or SU4(q) and ϕ ∈ IBrr (G) be an irreducible
Brauer character with (at least one of the properties) (W), (R3), or (R4). Then
ϕ is either of degree 1 or a Weil character.
Proof. (1) Clearly, it suffices to prove the statement for U4(q), so we will assume
that G = U4(q). The case q = 2 can be checked directly using [Atlas,JLPW],
hence we assume q > 2. By Lemma 11.6, we may assume that ϕ[3] = ϕ[4] = 0
and ϕ does not lift to characteristic 0. Using the result of Broué and Michel [BM],
we assume that ϕ belongs to Er (G, (s)), where s is a semisimple r ′-element.
Again according to [FS], {χˆ | χ ∈ E(G, (s))} forms a basic set for the Brauer
characters in Er (G, (s)).
(2) Arguing as in part (2) of the proof of Proposition 11.3, one can show
that if CG(s) is any of the tori GL1(q4), (GL1(q2))2, GL1(q2) × (U1(q))2,
U1(q)×U1(q3), and (U1(q))4, then ϕ lifts to characteristic 0. So we may assume
that CG(s) is none of those tori.
Assume that CG(s) is GL2(q2), GL1(q2)× U2(q), or U2(q)× (U1(q))2. In
each of these cases, we can find two characters α,β ∈ E(G, (s)) and a, b ∈ Z
such that ϕ = aαˆ + bβˆ. The equations ϕ[3] = ϕ[4] = 0 imply that a = b = 0,
a contradiction.
Suppose that CG(s) = (U2(q))2. In this case, we can choose 4 characters
α,β, γ, δ ∈ E(G, (s)) (they are certain χi(k, l) with i = 22, 21, 21, and 20,
respectively, in the notation of [N1]), and a, b, c, d ∈ Z, such that ϕ = aαˆ+ bβˆ+
cγˆ +dδˆ. The conditions ϕ[3] = ϕ[4] = 0 imply that a =−d and b+c= d(1−q).
Since ϕ(1)= d(q2 + 1)(q2 − q + 1)(q − 1), we have d > 0. But in this case the
multiplicity of 1R4 in ϕ|R4 is −d(q2 + 1)(q − 1) < 0, a contradiction.
Suppose that CG(s)=U3(q)×U1(q). In this case, we can choose 3 characters
α,β, γ ∈ E(G, (s)) (they are certain χi(k, l) with i = 19, 17, and 18, respectively,
in the notation of [N1]), and a, b, c ∈ Z, such that ϕ = aαˆ + bβˆ + cγˆ . The
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conditions ϕ[3] = ϕ[4] = 0 imply that b = c = 0. Since α is a Weil character
and ϕ = aαˆ, ϕ is also a Weil character.
(3) Finally, suppose that s = 1, i.e., ϕ belongs to a unipotent block. The
decomposition matrix
D =

1
a1 1
a2 b2 1
a3 b3 c3 1
a4 b4 c4 d4 1

of the block (in the standard ordering of the unipotent characters, which are
χi(0), with i = 1, 14, 12, 13, and 11, respectively, in the notation of [N1]), is
approximated by
D =

1
1 1
2 1 1
1 0 1 1
1 1 1 q 1
 ,
cf. [HM, Proposition 6]. Writing ϕ as a Z-combination of χˆi (0) and using the
condition ϕ[3] = ϕ[4] = 0, we see that ϕ must be a linear character, a Weil
character, or the last Brauer character in the block. In the first two cases we are
done. In the third case, ϕ[3] = q4(q2− c4−d4(q− c3)) > 0, as can be seen using
the above approximation of D. ✷
Proposition 11.8. Let G= U5(q) or SU5(q) and ϕ ∈ IBrr (G) be an irreducible
Brauer character with (at least one of the properties) (W), (R3), or (R4). Then
ϕ is either of degree 1 or a Weil character.
Proof. (1) Clearly, it suffices to prove the statement for U5(q), so we will assume
that G = U5(q). The case q = 2 can be checked directly from [Atlas,JLPW],
hence we assume q > 2.
Note that (R4) implies (W). For, if ϕ has property (R4), then every constituent
ψ of ϕ|A also satisfies (R4), where A
 SU4(q) is a standard subgroup of G. By
Proposition 11.7, ψ is either trivial or Weil character, whence ϕ satisfies (W).
Let V be a kG-module affording ϕ and ϕ as in the proposition. By
Proposition 11.5, V = CV (Q1)⊕ [Z1,V ], and the P ′1-module [Z1,V ] is a direct
sum of M(χ). Here Q1 = q1+6, Z1 = Z(Q1). Let s be the r ′-part of q + 1.
By Lemma 4.2, every constituent of CV (Q1) is either trivial or a Weil module
for L′1 = SU3(q). According to [DT, Theorem 7.2], there are some integers
a, bi, c ∈ Z such that
ϕ|P ′1 = a
∑
1Z1 =χ∈IBrr (Z1)
M(χ)+
s−1∑
i=0
biζ
i
3 + c · 1P ′1 . (8)
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Here ζ im, 0  i  q , are Weil characters of SUm(q). In particular, ζ i3(1) =
(q2 − q + 1)− δi,0. Let t ∈ Z1 be a transvection. Then (8) yields
ϕ(t)=−aq3 + (q2 − q)b0 + (q2 − q + 1) s−1∑
i=1
bi + c.
Next, let t ′ ∈ L′1 be a transvection. Then
ϕ(t ′)=−aq2(q − 1)− qb0 − (q − 1)
s−1∑
i=1
bi + c,
cf. [TZ2, Lemma 4.1]. Since t and t ′ are conjugate in G, ϕ(t)= ϕ(t ′), whence
a =
s−1∑
i=0
bi. (9)
On the other hand, branching formula for Weil characters [T1] yields
ζ i5
∣∣
P ′1
=
∑
1Z1 =χ∈IBrr (Z1)
M(χ)+ ζ i3. (10)
Altogether (8)–(10) imply that the restrictions of ϕ and ∑s−1i=1 biζ i5 + c to P ′1, and
so to a p-Sylow subgroup T of G, are the same.
(2) For i = 1, . . . ,7, let xi ∈ T be an element of class A1i (0) in G (in the
notation of [N2]). For any Brauer character φ of G, let
φ[j ] =
{
φ(x1)+ (q − 1)φ(x2)− qφ(xj ), j = 3,4,
φ(x2)+ (q − 1)φ(x3)− qφ(xj ), j = 5,6,
φ(x4)+ (q − 1)φ(x6)− qφ(x7), j = 7.
Observe that ζ i5[j ] = 0 for any i and j and clearly ρ[j ] = 0 for the trivial
character ρ. Hence the result of part (1) implies that
ϕ[j ] = 0, 3 j  7. (11)
If ϕ lifts to characteristic 0, then already the two relations ϕ[3] = ϕ[4] = 0
imply that ϕ is either of degree 1 or Weil, cf. [TZ2, Lemma 4.10]. Therefore we
will assume that ϕ does not lift to characteristic 0.
(3) Assume that ϕ belongs to Er (G, (s)), where s is a semisimple r ′-element.
We may also assume that CG(s) is none of the tori U1(q5), GL1(q4) × U1(q),
(GL1(q2))2 × U1(q), GL1(q2) × U1(q3), GL1(q2) × (U1(q))3, U1(q3) ×
(U1(q))2, and (U1(q))5, since in any of these cases ϕ would lift to characteristic 0,
as one can see by arguing as in part (2) of the proof of Proposition 11.3.
Assume thatCG(s) is GL2(q2)×U1(q), GL1(q2)×U2(q)×U1(q),U1(q3)×
U2(q), U2(q)× (U1(q))3, GL1(q2)× U3(q), U3(q)× (U1(q))2, or (U2(q))2 ×
U1(q). In each of these cases, we can find t = 2, 3, or 4 characters αk ∈ E(G, (s))
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and ak ∈ Z such that ϕ =∑tk=1 akαˆk . Equations (11) imply that ak = 0 for all k,
a contradiction.
Assume that CG(s) is U3(q) × U2(q). In this case we may write ϕ =∑6
k=1 akβˆk for certain characters βk ∈ E(G, (s)) (they are labeled as A3k(i, j)
in [N2], with 1 k  6) and ak ∈ Z. Equations (11) imply that a1 = a6 = 0 and
−a2 = a3 = a4 = a5, whence ϕ(1)= 0, a contradiction.
Assume that CG(s) is U4(q) × U1(q). In this case we may write ϕ =∑5
k=1 akγˆk for certain characters γk ∈ E(G, (s)) (they are labeled as A2k(i, j)
in [N2], with 1 k  5) and ak ∈ Z. Equations (11) imply that ak = 0 for k  4,
whence ϕ(1)= a5γˆ5. Since γ5 is a Weil character, ϕ is a Weil character.
Finally, assume that s = 1, i.e. ϕ is a unipotent block. In this case we may write
ϕ =∑7k=1 akδˆk for certain unipotent characters δk (they are labeled as A1k(i, j)
in [N2], with 1 k  7) and ak ∈ Z. Equations (11) imply that ak = 0 for k  5,
whence ϕ(1) = a6δˆ6 + a7δˆ7. Since δ6 is a Weil character and δ7 is the trivial
character, we are done. ✷
12. Representations of large unitary groups
First we give an upper bound for the dimension of any module V satisfying the
conclusion of Proposition 11.5.
Lemma 12.1. Let S = SUn(q), n  6, and M :=M(χ) be the afore described
irreducible kP ′1-module of dimension qn−2. Then
dim HomkS
(
MS,MS
)


2q4 + 3q3 + 3q2 − q − 2, if n > 6 is odd,
q4 + 3q3 + 4q2 − q − 2, if n > 6 is even,
q4 + 3q3 + 4q2 − q − 2, if n= 6 but 2 | q,
q4 + 3q3 + 5q2 + q − 1, if n= 6 and 2  q.
Proof. To ease the notation, denote H = P ′1. Let A be a set of representatives of
H\S/H . For any a ∈ A, define Ha , Ma , M ′a as in Corollary 4.9. By Frobenius
reciprocity and Mackey’s Theorem,
HomkS
(
MS,MS
) 
 HomkH ((MS)∣∣H ,M)
HomkH(⊕
a∈A
(
M ′a
)H
,M
)


⊕
a∈A
HomkH
((
M ′a
)H
,M
) (since M is irreducible)


⊕
a∈A
HomkHa
(
M ′a,Ma
)
.
The dimension of each hom-space in the latter sum will be bounded using
Corollary 4.9.
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Let W = Fn
q2
be the natural module for S, with hermitian form u◦v and a basis
(e1, . . . , en) with Gram matrix
diag
((
0 1
1 0
)
,
(
0 1
1 0
)
, In−4
)
.
Then we may assume that H = StabS(e1). The double cosets of H in S
correspond to (2q2 − 1) H -orbits on nonzero isotropic vectors in W , which are
{λe1}, {v ∈W | e1 ◦ v = λ, v ◦ v = 0}, and {0 = v ∈W | v ◦ v = e1 ◦ v = 0}, where
λ ∈ F∗
q2
.
For the first kind of double cosets, we may choose a = diag(λ,λ−q , In−3, λq−1)
(in the chosen basis), and observe that a normalizes Ha = H . Since Ma is irre-
ducible in this case, [Ma,Ma]Ha = 1.
For the second kind, choose
a = diag
((
0 λ−q
λ 0
)
, In−3,−λq−1
)
,
and note that a normalizes Ha = K = StabS(e1, e2) 
 SUn−2(q). The character
of Ma is
∑q
i=0 ζ
i
n−2. From [DT, §7] it follows that [Ma,Ma]Ha  (q + 1)2 + q2
if n is odd, and  1+ (q + 1)2 if n is even.
For the last orbit, choose
a = diag


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 , In−4
 ,
and observe that a2 = 1. Here Ha = StabS(e1, e3). We consider the subgroup
J := StabS(e1, e2, e3) of Ha , which plays the rôle of P ′1 for K = StabS(e1, e2)

SUn−2(q). The character of M|K has just been described above. Next, the
restriction of ζ in−2 to J is the sum of ζ
i
n−4 (a Weil character of SUn−4(q) < J
inflated to J ), and (q − 1) pairwise distinct irreducible modules, which are the
analogues of M(χ) for J . It follows that
[Ma,Ma]Ha 

(q + 1)2 + q2 + (q − 1)(q + 1)2 if n is odd,
(q + 1)2 + 1+ (q − 1)(q + 1)2 if either n > 6 is even
or n= 6 but q is even,
2(q + 1)2 + 1+ (q − 1)(q + 1)2 if n= 6 and q is odd.
As we have mentioned above, the chosen representatives a satisfy the hypothesis
of Corollary 4.9, whence dim HomkHa (M ′a,Ma) [Ma,Ma]Ha . Thus
dim HomkS
(
MS,MS
)

∑
a∈A
[Ma,Ma]Ha
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

q4 + 3q3 + 4q2 − q − 2 if n > 6 is even or
if n= 6 but q is even,
q4 + 3q3 + 5q2 + q − 1 if n= 6 and q is odd,
2q4 + 3q3 + 3q2 − q − 2 if n > 6 is odd.
✷
Corollary 12.2. Let G= Un(q) or SUn(q) with n  6. Let V be an irreducible
kG-module such that CV (Z1) = CV (Q1) and that the P ′1-module [Z1,V ] is
a direct sum of some M(χ). Then for any composition factor V ′ of the kS-
module V , where S = SUn(q), we have dim(V ′) 2qn−2(q − 1)κ , where
κ 

⌊
(q4 + 3q3 + 4q2 − q − 2)1/2⌋, if n > 6 is even or
if n= 6 but 2 | q,⌊
(q4 + 3q3 + 5q2 + q − 1)1/2⌋, if n= 6 and 2  q,⌊
(2q4 + 3q3 + 3q2 − q − 2)1/2⌋, if n > 6 is odd.
Proof. If G = Un(q), we still have V ′ = CV ′(Q1) ⊕ [Z1,V ′], and the kP ′1-
module [Z1,V ′] is a direct sum of some M(χ), since P ′1 < S. Let Wχ be the
χ -eigenspace for Z1 on V ′, where χ is a nontrivial linear character of Z1.
Then Wχ is a direct sum of say κ copies of M(χ). By Lemma 4.8, κ2 
dim HomkS(M(χ)S,M(χ)S), whence the bound on κ follows from Lemma 12.1.
This is true for any χ , hence dim(V ′) 2 dim([Z1,V ′]) 2qn−2(q − 1)κ . ✷
Theorem 12.3. Let G = Un(q) or SUn(q) with n  3. Let V be an irreducible
kG-module such that CV (Z1) = CV (Q1) and that the P ′1-module [Z1,V ] is
a direct sum of some M(χ). Then V is either a Weil module or a module of
dimension 1.
Proof. (1) If n 5 then we may choose a subgroup R3 inside Q1 and containing
Z(Q1), hence the assumption on V implies (R3), and so we are done by
Propositions 11.3, 11.7, and 11.8. So we may assume n  6. First we assume,
in addition, that (n, q) = (6,2), (6,3), (7,2). Let V ′ be any composition factor of
the SUn(q)-module V . The statement is clear if dim(V ′)= 1, so we assume that
dim(V ′) > 1. Then Corollary 12.2 and the assumption on (n, q) imply that
dim(V ′) <
{
qn−2
(
qn−2 − q)(q − 1)/(q + 1) if n is odd,
qn−2
(
qn−2 − 1)(q − 1)/(q + 1) if n is even,
where char(k) = r . By [HM], V ′ is an irreducible Weil module of S. Since any
Weil module is extendible to Un(q) and since V is irreducible, we conclude that
V = V ′ and V is a Weil module.
(2) Suppose that (n, q) = (6,2). The assumption CV (Z1) = CV (Q1) implies
that V |Q1 does not contain any nontrivial linear character of Q1 = 21+8+ . Hence
(φ(1) + φ(z))/2 = φ(x) = φ(y), where φ is the Brauer character of V , z is
the central involution of Q1 (of class 2A of G, in the notation of [Atlas]),
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x ∈ Q1 \ Z(Q1) is of order 2 (of class 2B of G), and y ∈ Q1 \ Z(Q1) is of
order 4 (of class 4A of G). Inspecting the r-Brauer character table of G [JLPW]
with r = 2, we see that the only irreducible Brauer characters satisfying this last
condition are Weil or trivial.
For the remaining cases we may assume that G = Un(q) and denote S =
SUn(q). We will identify G with G∗ and use some results of [HM].
(3) Suppose that (n, q)= (7,2). Since G
 S×Z3, any irreducible G-module
restricts irreducibly to S. By Corollary 12.2, dim(V )  520. Thus dim(V ) is
less than the third (nontrivial) complex degree of G, which is 860 according to
[TZ1, Table V]. Hence [HM, Proposition 1] implies that V belongs to Er (G, (s)),
where s = 1 or s is such that CG(s) = Un−1(q)× U1(q). The assumption on V
also implies that V satisfies the conclusion of [HM, Lemma 10], therefore we
may apply [HM, Lemma 14] to V . Thus V is a modular constituent of either a
unipotent character χλ labeled by the partition λ= (6,1), (4,3), (4,2,1), (4,13)
of 7, or a complex character χs,λ labeled by s = 1 and λ = (6), (5,1), (4,2),
(4,12), (3,3), (3,2,1). In the former case, the fragment of the decomposition
matrix of the principal r-block of G corresponding to all partitions of 7 which
are larger or equal to (4,13) is approximated by [HM, Proposition 8]. This
information is enough to show that either dim(V )  858 or V is Weil. In the
latter case, the fragment of the decomposition matrix for E(G, (s)) corresponding
to all partitions of 6 which are larger or equal to (3,2,1) is approximated
by [HM, Proposition 7]. Again, this information allows us to show that either
dim(V ) 43 · 21 or V is Weil. Thus we conclude that V is a Weil module.
(4) Finally, assume that (n, q) = (6,3). Let V ′ be an irreducible constituent
of the S-module V . By Corollary 12.2, dim(V ′)  4536. Observe that the third
complex degree of S is 5551 (cf. [TZ1, Table V]), and the complex characters
of the first two degrees extend to G. Hence, an easy argument using [HM,
Proposition 1] shows that V belongs to Er (G, (s)), where s = 1 or s is such that
CG(s) = Un−1(q)× U1(q). Since G
 (S ∗ Z(G)) · Z2, dim(V )  2 dim(V ′)
9072. The assumption on V also implies that V satisfies the conclusion of [HM,
Lemma 10], therefore we may apply [HM, Lemma 14] to V . Thus V is a modular
constituent of either a unipotent character χλ labeled by the partition λ= (5,1),
(3,3), (3,2,1), (3,13) of 6, or a complex character χs,λ labeled by s = 1 and
λ= (5), (4,1), (3,2), (3,12), (2,2,1), (2,13). In the former case, the fragment
of the decomposition matrix of the principal r-block of G corresponding to all
partitions of 6 which are larger or equal to (3,13) is approximated by [HM,
Proposition 7]. Using this, we can show that either dim(V )  10735, or V is
Weil, or V is labeled by (4,2). But in the last case dim(V )  5547 and V |S
is irreducible, as shown in the proof of Theorem 16 of [HM], so dim(V ′) =
dim(V )  5547, a contradiction. Suppose V ∈ Er (G, (s)) with s = 1. In this
case, the fragment of the decomposition matrix for E(G, (s)) corresponding to
all partitions of 5 which are larger or equal to (2,13) is approximated by [HM,
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Proposition 6]. Again, this information allows us to show that either dim(V ) 
182 · 60 or V is Weil. Thus we conclude that V is a Weil module. ✷
Proof of Theorem 2.5. It follows from Propositions 11.7, 11.8 when n = 4, 5,
and from Proposition 11.5 and Theorem 12.3 when n > 5.
This theorem yields the following surprising consequence.
Corollary 12.4. Let G= SUn(q) or Un(q), n 3, and V be an irreducible kG-
module such that V |Q1 contains no nontrivial linear character of Q1. Then V is
either of degree 1 or a Weil module.
Proof. We may embed a subgroup R3 in such a way that Z(R3) = Z(Q1). The
assumption on V now implies that V |R3 contains no nontrivial linear character
of R3, that is V has property (R3). Let A 
 SU3(q) be a standard subgroup
containing R3. By Proposition 11.3, all composition factors of V |A are trivial
or Weil, whence V has property (W) and so V is either of degree 1 or Weil by
Theorem 2.5. ✷
If n= 2m, then Qm is abelian. If n= 2m+ 1, then we may identify Qm with
the set{[X,a] ∣∣X ∈Mm(Fq2), a ∈ Fmq2, X+ tX(q) + a · t a(q) = 0},
with the group operation [X,a] · [Y,b] = [X+ Y − a · t b(q), a+ b]. Then Z(Qm)
consists of all elements of the form [X,0].
Lemma 12.5. Let S = SUn(q) with n  5. Set m = [n/2]. Then Pm acts on the
set of nontrivial linear characters of Z(Qm) with one orbit of length (q2m − 1)/
(q+1), and one orbit of length l2 := (q2m−1)(q2m−1−q)/(q2−1)(q+1). The
first orbit occurs on any Weil module of S. All the remaining orbits have length
greater than (q2m− 1)(q2m−1 + 1)/(q2 − 1)(q + 1).
Proof. One can identify Z(Qm) with the space of skew-hermitian (m × m)-
matrices over Fq2 , and then the action of Pm on Z(Qm) reduces to the action
of Lm := GLm(q2) if n is odd, and Lm := SLm(q2) · Zq−1 if n is even, via
X → tA(q)XA for X ∈ Z(Qm) and A ∈ Lm. Here (q) is the q th Frobenius map.
Any linear character of Z(Qm) now has the form X → εtrFq /Fp (Tr(BX)) for some
B ∈Z(Qm). Thus every Lm-orbit on nontrivial linear characters of Z(Qm) is just
an orbit of Lm on Z(Qm) \ {1}. Assume the latter orbit contains a matrix X of
rank j . If j =m 3 then the SLm(q2)-orbit of X has length equal to (SLm(q2) :
Um(q)), which is clearly larger than (q2m − 1)(q2m−1 + 1)/(q2 − 1)(q + 1). If
j = m = 2 then n = 5 is odd, and if j  m− 1 then the SLm(q2)-orbit and the
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GLm(q
2)-orbit of X are the same. Thus in the remaining cases we may assume
that Lm = GLm(q2). Then the stabilizer of X in Lm is [q2j (m−j)] · (Uj (q) ×
GLm−j (q2)). So the length of this orbit is (q2m − 1)/(q + 1) if j = 1 (there is
exactly one orbit of this kind), (q2m−1)(q2m−1−q)/(q2−1)(q+1) if j = 2, or
larger than (q2m − 1)(q2m−1 + 1)/(q2 − 1)(q + 1) if j  3. The Weil characters
of S when restricted to Qn give us the orbit of smallest length. ✷
Lemma 12.6. Let n= 2m+ 1 and φ be an irreducible character of Qm. Suppose
that φ|Z(Qm) contains a linear character α corresponding to a matrix B of rank j
(in the notation of the proof of Lemma 12.5). Then φ(1)= qj .
Proof. Again we identify Z(Qm) with the skew-hermitian (m × m)-matrices
over Fq2 . Let N = {X ∈ Z(Qm) | Tr(BX)= 0}. ThenN✁Qm since N Z(Qm),
and N  Ker(α)  Ker(φ). Moreover, Qm/N 
 C1 × C2, where C1 is of extra-
special type of order q1+2j with Z(C1) Ker(α), and C2 is elementary abelian
of order q2m−2j . Hence the claim follows. ✷
Proof of Theorem 2.6 (even n).
(1) Assume that n = 2m  6 and V as in the theorem. By Lemma 12.5,
there is a formal sum V ′ of Weil modules and maybe trivial modules of S
such that V |Qm = V ′|Qm . Let W := 〈e1, . . . , em,f1, . . . , fm〉Fq2 be the natural
module of S, and let the hermitian form have the matrix
( 0 Im
Im 0
)
. We may assume
Pm = StabS(〈e1, . . . , em〉F
q2
) and P1 = StabS(〈em〉F
q2
).
Consider the standard subgroup A′ 
 SU4(q) as the pointwise stabilizer of
〈ej , fj | 3  j m〉F
q2
. Adding a torus of order q + 1 to A′, we get a subgroup
A 
 U4(q) of S that induces the full unitary group on 〈e1, e2, f1, f2〉F
q2
. Then
the afore defined subgroup R4 := StabA(e1, e2) of A is contained in Qm. Since
V ′|A involves only Weil and trivial modules of A, Lemma 11.2 implies that
Spec(R4,V ) contains only (q4 − 1)/(q + 1) nontrivial linear characters of R4
(namely, the ones in O1).
(2) Here we show that the P ′1-module [Z1,V ] is a direct sum of some M(χ).
Again, if χ is a nontrivial linear character of Z1, then the χ -eigenspace of Z1 on
V is M(χ)⊗X for some K-module X, where K 
 SUn−2(q). By Lemma 11.2,
Spec(R4,M(χ)) ⊃ O1. If R4 acts nontrivially on X, then the last statement
of Lemma 11.2 implies that Spec(R4,V ) contains a nontrivial linear character
from O2, contrary to the conclusion of part (1). Hence R4 acts trivially on X,
whence K also acts trivially on X, since K = SUn−2(q) is quasi-simple.
(3) Next we show that CV (Z1) = CV (Q1). Assume the contrary: U :=
[Q1,CV (Z1)] = 0, and consider a K-orbit O on nontrivial linear Q1-characters
occurring on U . Then we may identify O either with the set of all nonzero
isotropic vectors in W ′ := 〈ej , fj | 1  j  m − 1〉F
q2
, or with the set of all
vectors of norm, say, 1 in W ′. In the former case, choose α ∈O to be f1. In the
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latter case, choose α ∈O to be te1 + f1, where t ∈ Fq2 and t + tq = 1. In either
case, R := StabR4(α) is of order q . Let Uα be the α-eigenspace of Z1 on U . Since
R fixes Uα , R fixes an 1-subspace 〈v〉k in U . Let λ be the character of R on this
1-subspace. Then λ has exactly q3 different extensions to R4, and the sum of them
is exactly λR4 . Since λR4 is the character of the kR4-submodule generated by v,
we have shown that U affords at least q3 distinct linear characters of R4. This
contradicts the conclusion of part (2), because q3 − 1> (q4 − 1)/(q + 1).
From parts (2) and (3) and Lemma 4.2 it follows that V |K involves only Weil
and trivial modules of K = SUn−2(q). We will need this consequence for the
proof of the theorem in the case n is odd.
(4) The results of parts (2) and (3) imply that V satisfies the hypothesis of
Theorem 12.3, and so we are done. ✷
Proof of Theorem 2.6 (odd n).
Assume that n = 2m + 1  5 and V as in the theorem. By Lemma 12.5,
there is a formal sum V ′ of Weil modules and maybe trivial modules of S such
that V |Z(Qm) = V ′|Z(Qm). Let W := 〈e1, . . . , em,f1, . . . , fm,g〉Fq2 be the natural
module of S, and let the hermitian form have the matrix( 0 Im 0
Im 0 0
0 0 1
)
.
We may assume Pm = StabS(〈e1, . . . , em〉F
q2
) and P1 = StabS(〈em〉F
q2
). Then
Z(Qm) = StabS(e1, . . . , em,g) and so it plays the rôle of the subgroup Qm for
T := StabS(g) 
 SU2m(q). Since the restriction of V ′ to T involves only Weil
and trivial modules of T , we see that every composition factor of the T -module
V satisfies the hypothesis and therefore also the conclusion of part (1) of the proof
of Theorem 2.6 for even n (as we mentioned at the end of the proof of Theorem 2.6
for even n, the restriction of V to the standard subgroup M := SUn−3(q) involves
only Weil and trivial modules of M). Thus V has property (W), and so we are
done by Theorem 2.5. ✷
To prove Theorem 2.7, we compare the Brauer character in question to an
irreducible complex character ϑ of degree (qn − 1)(qn−1 + 1)/(q + 1)(q2 − 1)
if n is even, and (qn + 1)(qn−1 − q2)/(q + 1)(q2 − 1) if n is odd. Such a
character exists by [TZ1, Corollary 4.2]. As shown in [T2], ϑ is a constituent
of the permutation character ω of SUn(q) on the natural module Fnq2 .
For a finite group of Lie type L, let dr(L) be the smallest degree > 1 of an
irreducible representation of L in cross characteristic r . We let m = [n/2] and
consider the subgroup P ′m =Qm : L′m of Pm, where L′m 
 SLm(q2).
Lemma 12.7. Let S = SUn(q) with n  4. Let ω be the above permutation
character of S. Then the multiplicity of 1P ′m in ω|P ′m is at most q2 + q + 1.
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Proof. The multiplicity in question is exactly the number of P ′m-orbits on
the vectors of the natural module V . First assume that n = 2m and consider
a symplectic basis (e1, . . . , em,f1, . . . , fm) of V . Then Pm may be identified with
StabS(U), where U = 〈e1, . . . , em〉F
q2
. Clearly, L′m acts transitively on nonzero
elements of U and V/U , and Qm acts on the coset f1 + U with q orbits. Thus
the number of P ′m-orbits on V is at most q + 2. Next assume n = 2m + 1.
Then we may write V = 〈e1, . . . , fm,g〉F
q2
, with g orthogonal to all ei , fi . Let
U ′ = 〈e1, . . . , em,g〉F
q2
. Clearly, L′m acts transitively on nonzero elements of U
and V/U ′. Furthermore, Qm acts on the coset f1 +U ′ with q orbits, and L′m acts
transitively on the coset g + U . Thus the number of P ′m-orbits on V is at most
1+ 1+ q + (q2 − 1)= q2 + q + 1. ✷
Proof of Theorem 2.7 (even n).
Let V be as in the theorem and n = 2m  6. If q = 2 or if all Pm-orbits
of nontrivial linear characters of Qm occurring on V are of length less than
l2 := (qn − 1)(qn−1 − q)/(q + 1)(q2 − 1), then the statement follows directly
from Theorem 2.6. Hence we will assume that q > 2 and at least one of Pm-orbit
of Qm-characters on V has length at least l2. Since dim(V ) < d(n, q, r) <
(qn− 1)(qn−1+ 1)/(q+ 1)(q2− 1), this orbit is exactly the (unique) Pm-orbit of
length l2 by Lemma 12.5. Since dim(V )− l2 < (qn−1)/(q+1), all the remaining
Qm-characters on V are trivial. Let W be the complex module of S affording
the character ϑ . The same argument as above but applied to W shows that the
Qm-module W yields the above Pm-orbit of length l2 and dim(W)− l2 times the
trivial character. Thus we may write
V |Qm = V1 ⊕CV (Qm), W |Qm =W1 ⊕CW(Qm), (12)
where V1 and W1 afford the same Qm-character.
Let τ be the Brauer character of V . Let g ∈ L′m 
 SLm(q2) be a transvection
(in L′m). Then g is Un(q2)-conjugate to an element g′ ∈Qm (one may choose g′
to have the matrix
(Im X
0 Im
)
in some symplectic basis of the natural module, where
X ∈Mm(Fq2) is diagonal skew-hermitian of rank 2). Since m  3, we see that
CUn(q2)(g
′) · S = Un(q2), whence g′ and g are S-conjugate. From (12) it now
follows that
τ (g)− ϑ(g)= τ (g′)− ϑ(g′)= dim(V )− dim(W)= τ (1)− ϑ(1). (13)
Clearly, L′m acts on V1 and W1, with (Brauer) characters say τ1 and ϑ1. Since
m  3, the proof of Lemma 12.5 shows that L′m acts transitively on the linear
characters of Qm occurring on V1 and W1, with stabilizer
H = [q4(m−2)] · (SU2(q)× SLm−2(q2)) ·Zq+1.
Thus τ1 = αL′m and ϑ1 = βL′m for some linear (Brauer) characters α and β of H .
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Claim that H/H ′ is a p′-group, where H ′ = [H,H ]. For, if m  4 then the
normal subgroup Q := [q4(m−2)] of H is the sum of two natural modules for
SLm−2(q2). If m = 3 then Q is the sum of two natural modules for SU2(q) 

SL2(q). In either case, we then have Q  H ′. Next, SLm−2(q2) is perfect. Also,
SU2(q) is perfect if q  4 and SU2(3)/[SU2(3),SU2(3)] 
 Z3. Hence the claim
follows.
Now we have Op′(H)H ′, and so α = β on Op′(H). By Lemma 4.10,
τ1(g)= ϑ1(g). (14)
Let τ2, respectively ϑ2, be the L′m-character of CV (Qm), respectively of
CW(Qm). From (13) and (14) it follows that
τ2(g)− ϑ2(g)= τ2(1)− ϑ2(1). (15)
Observe that
τ2(1) = dim(V )− l2 < d(n, q, r)− l2 = q
n − 1
q2 − 1 − 1− κn(q, r)
= dr(L′m),
since L′m = SLm(q2) and m  3, q  3, cf. [GT1]. It follows that L′m acts
trivially on CV (Qm), whence τ2(g) = τ2(1). But in this case (15) implies
that ϑ2(g)= ϑ2(1). Since L′m is generated by transvections, we come to the
conclusion thatL′m acts trivially onCW(Qm). ThusCW(P ′m) equalsCW(Qm) and
so has dimension (qn−1)/(q2−1) q4+q2+1. This last inequality contradicts
Lemma 12.7, since ϑ is a constituent of ω ✷.
The proof of Theorem 2.7 in the odd case is slightly more complicated. We
begin with the following lemma, in which I is the stabilizer of a linear character
of Z(Qm) from the Pm-orbit of length l2, cf. Lemma 12.5. We are particularly
interested in irreducible kI -representations which extend a given irreducible
representation of degree q2 of Qm, cf. Lemma 12.6.
Lemma 12.8. Let S = SU5(2) and α, β be two irreducible kI -representations,
which both extend a given irreducible representation φ of degree 4 of Qm. Then
α(x)= β(x) for all involutions x ∈ I .
Proof. Recall that I =Qm : U2(2) and Qm = 24+4. This group and its character
table can be constructed using GAP. In particular, I has 6 involution classes,
3 irreducible complex characters of degree 2 and 15 of degree 4. Since the
statement is obviously true for x ∈ Q, we only need to look at the involutions
outside of Q. Observe that all involutions y ∈ I \Q form a single conjugacy class
in I . (Indeed, consider an irreducible complex character of U2(2) of degree 2 and
inflate it to a character, say, µ of I . Clearly, µ(y) = 0. Inspecting the character
336 R.M. Guralnick et al. / Journal of Algebra 257 (2002) 291–347
table of I , we see that µ takes value 2 at 5 involution classes and vanishes at the
last class. Thus the last class consists of the involutions y ∈ I \Q.)
One can show that β = α⊗ λ, where λ is a linear character of U2(2). In order
to prove α(y) = β(y), it is therefore enough to show that α(y) = 0. Since φ is
irreducible and lifts to a complex representation of Q, we see that α also lifts to
a complex representation of I . Without loss we may assume that α is a complex
representation. It is clear that φ vanishes at some involutions of Q, and so the
same is true for α. Inspecting the character table of I , we see that this property
eliminates six characters of degree 4 of I , and all the nine others vanish on the
involutions y ∈ I \Q. ✷
Next we extend Lemma 12.8 to the general case.
Lemma 12.9. Let S = SUn(q), n= 2m+ 1 5, and α, β be two irreducible kI -
representations, which both extend a given irreducible representation φ of degree
q2 of Qm. Then α(x)= β(x) for all elements x ∈ I of order p.
Proof. (1) Fix a basis (e1, . . . , em,f1, . . . , fm,g) of the natural module of S, in
which the Gram matrix of the hermitian form is( 0 Im 0
Im 0 0
0 0 1
)
.
Then we may choose
Pm = StabS
(〈e1, . . . , em〉F
q2
)
, Qm = StabS(e1, . . . , em).
One can identify Z(Qm) = StabS(e1, . . . , em,g) with the skew-hermitian (m ×
m)-matrices over Fq2 . According to Lemma 12.6, we may assume that φ|Z(Qm) =
q2λ, where the character λ corresponds to the matrix X = diag(a, a,0,0, . . .,0)
with 0 = a ∈ Fq2 and a + aq = 0. Then I = StabPm(λ) = Qm : J , where J =
[q4(m−2)] : (U2(q)×GLm−2(q2)).
(2) Let K := Ker(α). In the proof of Lemma 12.6 we defined a certain
subgroup N of Z(Qm) and showed that N  Ker(φ) and Qm/N = C1 × C2,
where C1 is of extra-special type of order q1+4 and C2 is elementary abelian of
order q2m−4. Note that J normalizes N , whence N ✁ I . Clearly, N K . Next,
C2 is also J -stable, and direct computation shows that the only J -stable linear
character of C2 is the trivial one. But C2 centralizes C1 and φ|C1 is irreducible,
hence C2 K .
(3) We have shown that α is actually an irreducible representation of C1 · J .
The same holds for β , and α|C1 = β|C1 is irreducible. In this case, β = α ⊗ µ,
where µ is a linear representation of J (inflated to I ). Observe that the normal
subgroup R := [q4(m−2)] of J is the sum of two copies of the natural module for
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the subgroup T := GLm−2(q2) of J . Since T acts transitively on the nontrivial
elements of each copy, we have [T ,R] =R, whence R  J ′.
Now assume that q  3. Since GLm−2(q2)′ = SLm−2(q2) and U2(q)′ =
SU2(q), we see that J/J ′ is a p′-group. Therefore, if x ∈ I is of order p then
µ(x)= 1, whence α(x)= β(x) and we are done in the case q  3.
(4) From now on we assume that q = 2. Observe that RT ′ centralizes C1
(modulo C2). Hence by Schur’s Lemma RT ′ acts scalarly on α. If m  4, then
T ′ = SLm−2(q2) also acts transitively on the nontrivial elements of each copy of
its natural module in R, whence [R,T ′] =R, RT ′ is perfect, and so RT ′ Ker(α).
If m= 2 then RT ′ = 1. Assume m= 3. Then T ′ = 1. In this case, the subgroup
U := U2(q) acts on R (of order q4) as on its natural module. Hence the only
U -stable linear character of R is the trivial one. Thus R  Ker(α) in this case as
well.
We have shown that RT ′ is contained in the kernel of α and β . Let M be
the subgroup of I generated by N , C2, R, and T ′. Then M  Ker(α), and
O2
′
(I/M)
 C1U ′ = 21+4 : SU2(2).
(5) Consider the standard subgroup
S∗ = StabS(e3, . . . , em,f3, . . . , fm)
 SU5(2)
of S. For any subgroup X of S, let X∗ = X ∩ S∗. Then one can show that I∗,
Q∗m, and M∗ play respectively the rôles of I , Qm, and M for S∗, and, moreover,
O2
′
(I/M) 
 O2′(I∗/M∗). Consequently, the lemma in the case q = 2 follows
from Lemma 12.8. ✷
Proof of Theorem 2.7 (odd n).
Let V be as in the theorem and n = 2m + 1  5. If all Pm-orbits of
nontrivial linear characters of Z(Qm) occurring on V are of length less than
l2 := (qn−1 − 1)(qn−2 − q)/(q + 1)(q2 − 1), then the statement follows directly
from Theorem 2.6. Hence we will assume that at least one of Pm-orbit of Z(Qm)-
characters on V has length l  l2. If we identify Z(Qm) and its linear characters
with skew-hermitian (m × m)-matrices over Fq2 , then each character α from
this orbit corresponds to some matrix of rank j  2 by Lemma 12.5. If φ is an
irreducible character of Qm such that φ|Z(Qm) contains α, then φ(1) = qj and
φ|Z(Qm) = qjα by Lemma 12.6. This is true for each α, hence dim(V )  qj l.
Since
dim(V ) < d(n, q, r) < q3
(
qn−1 − 1)(qn−2 + 1)/(q + 1)(q2 − 1),
we have j = 2 and l = l2, i.e., this orbit is exactly the (unique) Pm-orbit of
length l2, cf. Lemma 12.5. Since
dim(V )− q2l2 
(
qn−1 − q2)/(q2 − 1),
all the remaining Z(Qm)-characters on V are trivial. Observe that Qm/Z(Qm)
is the natural module for Pm/Qm 
GLm(q2). Hence any Pm-orbit on nontrivial
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linear characters of Qm/Z(Qm) has length at least (qn−1 − 1)/(q2 − 1). This in
turn implies that Qm acts trivially on CV (Z(Qm)). Let W be the complex module
of S affording the character ϑ . The same argument as above but applied to W
shows that the Qm-module W yields the above Pm-orbit of length l2 (of Z(Qm)-
characters) and dim(W)− q2l2 times the trivial character. Thus we may write
V |Qm = V1 ⊕CV (Qm), W |Qm =W1 ⊕CW(Qm), (16)
where V1 and W1 afford the same Qm-character.
Let τ be the Brauer character of V . Let g ∈ Lm 
GLm(q2) be a transvection
(in Lm). Then g is Un(q2)-conjugate to an element g′ ∈Z(Qm) (one may choose
g′ to have the matrix(
Im X 0
0 Im 0
0 0 1
)
in some basis of the natural module that we used in the proof of Lemma 12.9,
where X ∈Mm(Fq2) is diagonal skew-hermitian of rank 2). Since n  5, we see
that CUn(q2)(g
′) ·S = Un(q2), whence g′ and g are S-conjugate. From (16) it now
follows that
τ (g)− ϑ(g)= τ (g′)− ϑ(g′)= dim(V )− dim(W)= τ (1)− ϑ(1). (17)
Clearly, Pm acts on V1 and W1, with (Brauer) characters say τ1 and ϑ1. By
Lemma 12.5, Pm acts transitively on the linear characters of Z(Qm) occurring on
V1 and W1, with stabilizer I =Qm : J , and
J = [q4(m−2)] · (U2(q)×GLm−2(q2)).
Thus τ1 = αPm and ϑ1 = βPm for some (Brauer) characters α and β of I of
degree q2. Also note that α|Qm = β|Qm is irreducible.
By Lemma 12.9, α(x)= β(x) on every element x ∈ I of order p. Hence, we
may apply Lemma 4.10 to conclude that
τ1(g)= ϑ1(g). (18)
Let τ2, respectively ϑ2, be the Pm-character ofCV (Qm), respectively ofCW(Qm).
From (17) and (18) it follows that
τ2(g)− ϑ2(g)= τ2(1)− ϑ2(1). (19)
Observe that if m 3 then
τ2(1) = dim(V )− q2l2 < d(n, q, r)− q2l2 = q
n−1 − q2
q2 − 1 − κn(q, r)
= dr(Lm)
since Lm = GLm(q2), cf. [GT1]. The same is true for m = 2, with κn(q, r)
replaced by 1. From this it follows that L′m = SLm(q2) acts trivially on CV (Qm),
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whence τ2(g) = τ2(1). But in this case (19) implies that ϑ2(g) = ϑ2(1). Since
L′m is generated by transvections, we come to the conclusion that L′m acts
trivially on CW(Qm). Thus CW(P ′m) equals CW(Qm) and so has dimension
(qn−1 − q2)/(q2 − 1). If m  3, then clearly dim(CW (P ′m))  q4 + q2 + 1,
contrary to Lemma 12.7, since ϑ is a constituent of ω.
Assume that m= 2. It is shown in [T2] that ω contains 1S (with multiplicity
q+1), ϑ , and some irreducible character ρ of degree q3(q2+1)(q2−q+1) (and
some other characters). Since dim(CW (P ′m))= q2, it follows from Lemma 12.7
that ρ|P ′m does not contain the trivial character 1P ′m . On the other hand, one
can show using [N2] that ρ is an irreducible constituent of (1Pm)S and so ρ
contains 1Pm , again a contradiction. ✷
13. Minimal polynomial problem
As we mentioned in Section 3, the following theorem concerning the minimal
polynomial problem for unipotent elements of finite groups of Lie type was
proved by Zalesskii.
Theorem 13.1 [Z1,Z2]. Let G be a universal quasi-simple finite group of Lie
type of characteristic p > 0, and suppose g ∈ G is of order p. Let Θ be a
nontrivial absolutely irreducible representation of G in characteristic r = p such
that dΘ(g) < p. Then p > 2 and one of the following holds.
(i) G= SU3(p) and g is a transvection.
(ii) G= SL2(p2).
(iii) G= Sp4(p).
(iv) G= Sp2n(p), n 1, g is a transvection.
Proof of Theorem 3.1. According to Theorem 13.1, (G,g) has to be as listed
in (i)–(v). Furthermore, the emerging Θ in the case r = 0 have been classified in
[TZ2, Theorem 3.2]. Here we complete the case r > 0.
(1) First we consider the case (i): G = SU3(p), g is a transvection and
1 < dV (g) < p. Observe that Q = Op(CG(g)) is extra-special of order p3.
The condition dΘ(g) < p implies that g does not have eigenvalue 1 on Θ ,
whence Θ|Q contains no nontrivial linear character of Q. Now we may apply
Proposition 11.3.
(2) The cases (ii) and (iii) follow easily by inspecting the Brauer characters of
SL2(p) and SL2(p2).
(3) Suppose we are in case (iv): G= Sp4(p) and dΘ(g) < p. Because of [TZ2,
Theorem 3.2], we may assume that Θ is not liftable to zero characteristic. If g
is a transvection, then either Θ has property (R1) or 1 /∈ Spec(g,Θ), and both
cases are impossible by Lemma 10.1(i), (ii). If g is not a transvection, then g is
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a nontrivial product of two commuting transvections (cf. [Z2]), and so we may
apply Lemma 10.1(iii).
(4) Consider the main case (v): G= Sp2n(p) and g is a transvection. By [Z2,
Theorem 3], Θ(g) does not have eigenvalue 1. Hence the condition dΘ(g) < p
implies that dΘ(g) = (p − 1)/2, i.e. Θ satisfies condition (R1). It remains to
apply Theorem 2.2. ✷
The following result concerning the minimal polynomial problem for semi-
simple elements of finite classical groups has been proved by DiMartino and Za-
lesskii.
Theorem 13.2 [DZ]. Let G be a finite classical group in characteristic p with G′
being quasi-simple. Let s = p be a prime and g ∈G be a noncentral element such
that g belongs to a proper parabolic subgroup of G and o(g) is a power of s. Let
V be any absolutely irreducible module of G of dimension > 1 over a field k of
characteristic r = p. Then either dV (g) = o(g) or dV (g)= o(g)− 1. Moreover,
if dV (g)= o(g)− 1, then for some z ∈ Z(G) one of the following holds.
(i) G= Sp2n(p), p > 2, n 2, o(g)= p+ 1, and rank(g− z)= 2.
(ii) GUn(p), p > 2, n > 2, o(g)= p+ 1, and rank(g − z)= 1.
(iii) GUn(q), p = 2, n > 2, o(g)= s = q + 1, and rank(g − z)= 1.
(iv) GUn(8), n > 2, o(g)= 9, and rank(g− z)= 1.
(v) GUn(2), n > 4, o(g)= 9, and rank(g− z)= 3.
If r = 0 (and G = Sp4(3)), then it is shown in [TZ2, Theorem 5.2] that V
is a Weil module of G. The rest of this section is to prove Theorem 3.2, which
produces a similar result in cross characteristic case.
Proof of Theorem 3.2 (the symplectic group case). Let G = Sp2n(q) = Sp4(3)
and (V ,g) satisfy the hypotheses of Theorem 3.2. Applying Theorem 13.2 and
replacing g by gz, we may assume that g is an element of order q+1 in a standard
subgroup SL2(q) of L′1 and let A= 〈g〉.
(1) First we show that CV (Z1) = CV (Q1). Assume the contrary: U :=
[Q1,CV (Z1)] = 0. Then U =∑α∈OUα is the direct sum of Q1-eigenspaces,
and O is the set of all nontrivial linear characters of Q1. As usual, the action of
L′1 
 Sp2n−2(q) on O is similar to the action of L′1 on F2n−2q \ {0}. Choosing g
to be contained in L′1, we see that O contains a regular A-orbit. It follows that U
contains a regular kA-orbit, contrary to the condition dV (g) q .
(2) Here we consider the case r = 2. Consider the χ -eigenspace M(χ) ⊗ X
of Z1 on [Z1,V ]. Then direct computation shows that Spec(g,M(χ)) contains
all (q + 1)th roots of unity but −1. Therefore, if g has more than one eigenvalue
on X, then Spec(g,M(χ)⊗X) contains all (q + 1)th roots of unity, contrary to
the condition dV (g)  q . Thus g acts scalarly on X, which implies that L′1 acts
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trivially on X (since L′1 = Sp2n−2(q) and (n, q) = (2,3)). By Lemma 6.2, V has
property (R1), and so V is a Weil module by Theorem 2.2.
(3) Finally we consider the case r = 2.
First assume that n = 2 if q > 3 and n = 3 if q = 3. If n = 2, then by
Corollary 5.3, g has a single Jordan block Jq on M(χ). If n = 3, then by
Corollary 5.3, g has a Jordan block of size q = 3 on at least one of the composition
factors of M(χ), so g has a Jordan block of size at least q on M(χ). If g acts
nontrivially on X, then g has a block Jt with t  2 on X. In this case, g has
a block of size q + 1 on M(χ) ⊗ X due to Lemma 4.6, which contradicts the
condition dV (g) q . Hence g acts trivially on X, and so does L′1. Now we may
apply Lemma 6.2 and Theorem 2.2 to conclude that V is a Weil module.
In the case where n  3 and (n, q) = (3,3), the result we have just proved
shows that the restriction of V to any standard subgroup of type Sp4(q) if q > 3
and of type Sp6(3) if q = 3 involves only Weil and trivial modules. Hence V has
property (W) and so V is a Weil module by Theorem 2.3. ✷
Remark 13.3. Let (G,V,g) be as in Theorem 3.2, and assume that (n, q) =
(2,3). Then V is either a Weil module, or the (unique) unipotent representation ρ
of degree 6 (this additional possibility for V was missing in [TZ2, Theorem 3.4]).
Indeed, if r = 2 then we can verify the claim just by looking at Spec(g,φ) of
the element g (of class 4A, in the notation of [Atlas]) for any φ ∈ IBrr (G). If
r = 2, then part (1) of the above proof of Theorem 3.2 shows that V |Q1 contains
no nontrivial linear characters of Q1 = 31+2+ . This implies that, if φ is the Brauer
character of V and ψ = φ+φ, then ψ(1)+2ψ(z)−3ψ(x)= 0, where z ∈Z(Q1)
is an element of order 3 (of class 3A of G), and x ∈Q1 \ Z(Q1) (of class 3D
of G). Checking the 2-Brauer characters of G for this property using [JLPW], we
see that V is one of the listed modules.
Next we proceed to consider the case of unitary groups. Fix an element δ ∈ Fq2
of order q + 1. By a pseudoreflection in Un(q) we mean an element g with
matrix diag(δ,1, . . . ,1) in an orthonormal basis of the natural module for Un(q).
Replacing g by gz−1, we see that the elements g mentioned in case (ii)–(iv)
of Theorem 13.2 are pseudoreflections. Let ξ be a primitive (q + 1)th root of
unity in C. Also, we let G = Un(q) and k be an algebraically closed field of
characteristic r coprime to q , and keep the notation P ′1, L, K as in Section 11.
We begin with the following observation.
Lemma 13.4. Let n  3, and assume that q + 1 is a prime power. Let V be
any kG-module such that dV (g)  q for any pseudoreflection g ∈ G. Then
CV (Q1)= CV (Z1).
Proof. Consider a pseudoreflection g′ ∈ L= Un−2(q) and let A= 〈g′〉. Assume
that U := [Q1,CV (Z1)] = 0. Let Uα be a nonzero eigenspace for Q1 on U , and
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let O be the L-orbit of α. We may identify O either with the set of nonzero
isotropic vectors of the natural module W ′ = Fn−2
q2
for L, or with the set of
vectors of a fixed nonzero norm in W ′. Then O has a regular A-orbit. From this
it follows that U contains the regular kA-module, contrary to the assumption that
dV (g
′) q . Thus CV (Z1)= CV (Q1). ✷
Proof of Theorem 3.2 (the unitary group case). Assume that G = Un(q) and
(V ,g) satisfies the hypothesis of Theorem 3.2. Applying Theorem 13.2 and
replacing g by gz−1, we arrive at the following two cases.
(1) o(g) = q + 1 is a prime power, and g is a pseudoreflection. Then
Lemma 13.4 implies that V satisfies the hypothesis of Corollary 12.4, whence
V is a Weil module.
(2) q = 2, o(g)= 9, and g belongs to a standard subgroup U3(2).
First we consider the case n= 5. We may assume that g ∈ L< P ′′1 , L
U3(2).
Observe that 〈g〉 acts regularly on the nonzero vectors of the natural module F34
of L and on the nontrivial linear characters of Q1 as well. Since dV (g) < |g| = 9,
it follows that CV (Q1)= CV (Z1). By Corollary 12.4, V is a Weil module.
The above argument shows that the restriction of V to any standard subgroup
SU5(2) involves only Weil or trivial modules. Thus V has property (W). By
Theorem 2.5, V is a Weil module. ✷
14. Quadratic modules in characteristic 3
Let G = Un(q) and (V ,g) be as in Theorem 3.2. If q = 2 and r = o(g) = 3
then V is a quadratic module in characteristic 3, i.e. G is generated by the
set of all elements g ∈ G for which [g,g,V ] = 0. Quadratic pairs (G,V ) with
F ∗(G) being quasi-simple were studied by Thompson and Ho, cf. [Th,Ho2,Ho1]
(without using the classification of finite simple groups). The groups G admitting
a quadratic module have been classified by Timmesfeld [Ti] under certain mild
conditions. Using the classification of finite simple groups, Meierfrankenfeld
(private communication) and Chermak [Ch] showed the following result.
Theorem 14.1 [Ch]. Let G be a finite group with F ∗(G) quasi-simple, s > 2 a
prime, and let V be a faithful irreducible FsG-module. Suppose that there is an
elementary abelian s-subgroup A such that G= 〈AG〉 and [A,A,V ] = 0. Then
one of the following holds.
(a) F ∗(G)/Z(F ∗(G)) is a group of Lie type in characteristic s.
(b) s = 3, |A| = 3, and either
(i) G= PUn(2), n 5;
(ii) G= 2An, n 5, n = 6; or
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(iii) Z(G) is a nontrivial 2-group and G/Z(G) is Sp6(2), Ω+8 (2), G2(4),
Co1, Sz, J2.
We are interested in classifying the modules V for the groups listed in the
theorem. The case (a) was considered by Premet and Suprunenko in [PS]. The
case (b)(ii) was completed by Meierfrankenfeld in [Me], where he showed that V
is a basic spin module of G.
In the case (b)(i), if 1 = h ∈ A then |h| = 3. By [Ch, Lemma 5.8], h lifts to
an element g of order 3 in Un(2). Multiplying g by a suitable central element
of Un(2), we may assume that g fixes a 2-dimensional subspace (in the natural
module) pointwise, whence g fixes a nonzero isotropic vector. Thus g satisfies the
hypothesis of Theorem 13.2 and therefore V is a Weil module by Theorem 3.2.
Finally, we classify the quadratic modules emerging in the case (b)(iii) of
Theorem 14.1 by proving Theorem 3.3.
Proof of Theorem 3.3. One can check that the above groups act faithfully
on the root lattice of type E8, respectively the Leech lattice Λ24. If χ is the
corresponding character, then one can find an element g of order 3 such that
χ(g)=−χ(1)/2. It follows that g2 + g+ 1= 0 on the lattice, whence the lattice
reduced modulo 3 is a (faithful) quadratic F3-module.
From now on we assume that k is an algebraically closed field of character-
istic 3, G is one of the above groups, V is a faithful irreducible kG-module, for
which there is an element g ∈G of order 3 such that [g,g,V ] = 0. We keep the
notation for conjugate classes of G as in [Atlas], and refer to irreducible Brauer
characters as given in [JLPW]. Observe that G is quasi-simple. In what follows,
“irreducible” means absolutely irreducible, and any modular representation is in
characteristic 3 (except in part (2)). Let ϕ be the Brauer character of V .
We will frequently use the following observation: if X is any insoluble
subgroup of G that contains a conjugate of g, then X has an irreducible quadratic
k-module of dimension > 1; moreover, any composition factor of the X-module
V is quadratic.
(1) First we consider the case G= 2Sp6(2).
First observe that g cannot be of class 3B in G. Otherwise a conjugate of g
is contained in a subgroup L := 2G2(3) of G, but one can check that L has no
irreducible quadratic k-modules of dimension > 1.
Next, note that G contains a subgroup H := Sp4(3). Since (G :H)= 28, we
may assume that g ∈ H . Since elements of class 3A and 3B of H belong to
class 3B in G, g has to be of class 3C or 3D in H . In turn, H has a subgroup
K 
 SL2(9), which meets the classes 3C and 3D of H . Thus we may assume that
g ∈K .
Since H and K both contain the central involution of G, any constituent of
ϕ|H , respectively of ϕ|K , is faithful. Let ψ be a constituent of ϕ|H . It is easy
to show that K has only two faithful irreducible quadratic k-modules, both of
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dimension 2. Now if ψ(1) = 4, then ψ(1) = 16 or 40, in which cases ψ|K
has constituents of dimension 6, a contradiction. Hence ψ is the unique faithful
irreducible Brauer character of degree 4 of H . In particular, if x ∈ H is of
order 5, then ψ(h)=−ψ(1)/4. This is true for any constituent of ϕ|H , therefore
ϕ(h)=−ϕ(1)/4. G has only one irreducible Brauer character satisfying the last
equality, namely the one of degree 8, and this one can be obtained by reducing
the root lattice of type E8 modulo 3.
(2) Here we consider the case G= 2Ω+8 (2).
It is more convenient to work with the full covering group Ĝ := 22 · G of
G :=Ω+8 (2). Let ρ be the Brauer character of the natural module W := F82 of G.
Then G has 5 classes of elements of order 3, and ρ takes value 5, −4, −4, −1, 2,
on these five classes, respectively, and the triality automorphism of G permutes
the first three classes. Hence, without loss of generality, we may assume that
ρ(g¯)  −1, where g¯ is the image of g in G. This implies that the fixed point
subspace of g¯ on W has dimension  2, whence g¯ fixes a nonisotropic vector of
W and so g¯ belongs to a subgroupA
 Sp6(2) of G. LetA be the complete inverse
image of A in Ĝ and let B = A(∞). Since Sp6(2) has no nontrivial quadratic
modules, cf. [Ch],B = 2Sp6(2). Restricting ϕ to B and using the result of part (1),
we see that ϕ(x) = −ϕ(1)/4 for some element x ∈ Ĝ of order 5. This property
excludes all but the 3-Brauer character of degree 8 of G.
(3) Next we consider the case G= 2J2.
G has a subgroupH = SU3(3) of index 200, hence we may assume that g ∈H .
Observe that g belongs to class 3A of H , for otherwise a conjugate of g would be
contained in a Frobenius subgroup of order 21 ofH , contrary to [Ch, Lemma 3.1].
Thus g is a root element of H . Let ψ be any constituent of ϕ|H . Then we can
lift ψ to a representation Ψ of H := SL3(k), and Ψ (h) is quadratic for any root
element h ∈H. Let the highest weight of Ψ be aω1 + bω2, where ω1, ω2 are the
fundamental weights ofH and 0 a, b 2. If a = 2 for instance, then by Smith’s
Theorem the restriction of Ψ to the first fundamental subgroup SL2(k) has a direct
summand of dimension 3, which is the basic Steinberg module of SL2(k) and on
which root elements of SL2(k) act freely; a contradiction. Thus 0  a, b  1,
i.e. ψ(1) = 1, 3, 3, or 7. It follows that ψˆ(1)− 7ψˆ(x)− 8ψˆ(y)+ 14ψˆ(z) = 0,
where x , respectively y , z, is an element of class 4C, respectively 7A, 8A, of
H and ψˆ = ψ + ψ¯ . One can show that x , respectively y , z, belongs to class 4A,
respectively 7A, 8A, in J2. This implies that ϕˆ(1)−7ϕˆ(x)−8ϕˆ(y)+14ϕˆ(z)= 0,
where ϕˆ = ϕ+ϕ. The only faithful irreducible 3-Brauer characters of G with this
property are the 2 characters of degree 6, and the one of degree 14. The first two
occur in the reduction modulo 3 of the Leech lattice. The restriction of the last
one to H contains constituents of degree 6 which are not quadratic as we have
already shown, so we are done.
(4) Here we consider the case G= 2G2(4).
G has a subgroup J = 2J2 of index 416, hence we may assume that g ∈ J .
Let ψ be any constituent of ϕ|J . The result of part (3) shows that ψ(1)= 6, and
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Q(ψ) = Q(√5). Let ψ∗ be the conjugate of ψ under the Galois automorphism
of Q(
√
5), and let ψˆ = ψ + ψ∗. Then 2ψˆ(1)− 7ψˆ(x)+ 5ψˆ(y) = 0, where x ,
respectively y , is an element of class 5A, respectively 7A, of J . It follows that
2ϕˆ(1) − 7ϕˆ(x) + 5ϕˆ(y) = 0, where ϕˆ = ϕ + ϕ∗. The only faithful irreducible
3-Brauer characters of G with this property is the (unique) character of degree
12, and this one occurs in the reduction modulo 3 of the Leech lattice.
(5) Here we consider the case G= 2Sz.
According to [Ch], CG(g) has a composition factor isomorphic to PSU4(3).
Hence g is of class 3A in G and so a conjugate of g is contained in a subgroup
M 
 2G2(4) of G. We will assume that g ∈M . Let ψ be any constituent of ϕ|J .
The result of part (4) shows that ψ(1) = 12, and 2ψ(1)− 7ψ(x)+ 5ψ(y) = 0,
where x , respectively y , is an element of class 5A, respectively 7A, of M . It
follows that 2ϕ(1)− 7ϕ(x)+ 5ϕ(y)= 0. The only faithful irreducible 3-Brauer
characters of G with this property is the (unique) character of degree 12, and this
one occurs in the reduction modulo 3 of the Leech lattice.
(6) Finally, let G= 2Co1.
Observe that G has a subgroup S = 6 · Sz · 2. The result of part (5) implies
that ϕ|S involves only the two irreducible 3-Brauer characters of S of degree 12.
Based on partial information available at present about 3-Brauer characters of G,
Hiss and Müller (private communication) have been able to show that there is
exactly one ϕ satisfying this condition; namely, the one obtained by reducing the
Leech lattice modulo 3. ✷
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